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Abstract 

F G 

Suppose given functors A x A — - B — - C between abelian categories, an object X in 
A and an object X' in A' such that F(X,—), F(—,X') and G are left exact, and such 
that further conditions hold. We show that, Ei-terms exempt, the Grothendieck spectral 
sequence of the composition of F(X, — ) and G evaluated at X' is isomorphic to the 
Grothendieck spectral sequence of the composition of F(—,X') and G evaluated at X. 
The respective E2-terms are a priori seen to be isomorphic. But instead of trying to 
compare the differentials and to proceed by induction on the pages, we rather compare 
the double complexes that give rise to these spectral sequences. 
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Introduction 

To calculate Ext*(X,Y), one can either resolve X projectively or Y injectively; the result is, 
up to isomorphism, the same. To show this, one uses the double complex arising when one 
resolves both X and Y; cf. [S Chap. V, Th. 8.1]. 

Two problems in this spirit occur in the context of Grothendieck spectral sequences; cf. 
0.1 Language 

In $31 we give a brief introduction to the Deligne-Verdier spectral sequence language; cf. 
|17|, II. §4], [H App.]; or, on a more basic level, cf. | |11|, Kap. 4]. This language amounts 
to considering a diagram E(X) containing all the images between the homology groups of the 
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subquotients of a given filtered complex X, instead of, as is classical, only selected ones. This 
helps to gain some elbow room in practice : to govern the objects of the diagram E(X) we can 
make use of a certain short exact sequence; cf. §3.41 

Dropping the Ei-terms and similar ones, we obtain the proper spectral sequence E(X) of our 
filtered complex X. Amongst others, it contains all E^-terms for k ^ 2 in the classical language; 
cf. §§EJH KB 



0.2 First comparison 

Suppose given abelian categories A, A' and B with enough injectives and an abelian category 
C. Suppose given objects X G Ob A and X' e Ob .4.'. Let Ax A' — »■ B be a biadditive functor 
such that F(X, — ) and F(—,X') are left exact. Let B — -C be a left exact functor. Suppose 
further conditions to hold; see §5.11 

We have a Grothendieck spectral sequence for the composition GoF(X, — ) and a Grothendieck 
spectral sequence for the composition GoF(—, X'). We evaluate the former at X' and the latter 
at X. 

In both cases, the E 2 -terms are (K l G)(IV F)(X, X'). Moreover, they both converge to 
(R* +J (G o F))(X, X'). So the following assertion is well- motivated. 

Theorem 1311 The proper Grothendieck spectral sequences just described are isomorphic; i. e. 

e f\x,-),g( x ') — e f\-,x'),g( x ) ■ 

So instead of "resolving X' twice" , we may just as well "resolve X twice" . 

In fact, the underlying double complexes are connected by a chain of double homotopisms, i.e. 
isomorphisms in the homotopy category as defined in [51 IV. §4], and rowwise homotopisms 

/ , r , . double row. roww. double > „. . . . , 

(the proof uses a chain • • • >- • ►■ •). these morphisms then induce 

isomorphisms on the associated proper first spectral sequences. 



0.3 Second comparison 

Suppose given abelian categories A and £>' with enough injectives and abelian categories B and 
C. Suppose given objects X e Ob A and Y e Ob£>. Let A — - B' be a left exact functor. Let 
B x B — C be a biadditive functor such that G(Y, — ) is left exact. 

Let B e ObC[°(£) be a resolution of Y, i.e. a complex B admitting a quasiisomorphism 
ConcF — -B. Suppose that G(B k , -) is exact for all k ^ 0. Let A e ObC [0 (^l) be, say, an 
injective resolution of X. Suppose further conditions to hold; see §6.11 

We have a Grothendieck spectral sequence for the composition G(Y, — ) o F, which we evaluate 
at X. On the other hand, we can consider the double complex G(B, FA), where the indices of 
B count rows and the indices of A count columns. To the first filtration of its total complex, 
we can associate the proper spectral sequence Ei(G(B, FA)) . 

If B has enough injectives and B is an injective resolution of Y, then in both cases the E2-terms 
are a priori seen to be (R l G)(Y, (R- 7 F)(X)). So also the following assertion is well-motivated. 

Theorem [M We have E^ G{Y ^(X) ~ Ei(G(B,FA)) . 

So instead of "resolving X twice", we may just as well "resolve X once and Y once". 
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The left hand side spectral sequence converges to [R l+: >(G(Y, — ) o F))(X). By this theorem, 
so does the right hand side one. 

The underlying double complexes are connected by two morphisms of double complexes 
(in the directions • — • ■* — •) that induce isomorphisms on the associated proper spectral 
sequences. 

Of course, Theorems [31] and [M] have dual counterparts. 
0.4 Results of Beyl and Barnes 

Let R be a commutative ring. Let G be a group. Let N ^ G be a normal subgroup. Let M be 
an .RG-module. 

Beyl generalises Grothendieck's setup, allowing for a variant of a Cartan-Eilenberg resolution 
that consists of acyclic, but no longer necessarily injective objects [H, Th. 3.4]. We have 
documented Beyl's Theorem as Theorem |4Q] in our framework, without claiming originality. 

Beyl uses his Theorem to prove that, from the E2-term on, the Grothendieck spectral 

(_)JV (_)G/iV 

sequence for RG -Mod RN -Mod i?-Mod at M is isomorphic to the Lyndon- 

Hochschild-Serre spectral sequence, i.e. the spectral sequence associated to the double com- 
plex Rc{Ba.T G / N . R <& R Bar G;R , M); cf. |H, Th. 3.5], [21 §3.5]. This is now also a consequence of 
Theorems EH and as explained in §§ 18.21 18.31 

Barnes works in a slightly different setup. He supposes given a commutative ring R, abelian 
categories A, B and C of -R-modules, and left exact functors F : A — - B and G : B — >~ C, where 
F is supposed to have an exact left adjoint J : B — >~ A that satisfies F o J = 1 B . Moreover, he 
assumes A to have ample injectives and C to have enough injectives. In this setup, he obtains 
a general comparison theorem. See [2], Sec. X.5, Def. X.2.5, Th. X.5.4]. 

Beyl [4] and Barnes [2] also consider cup products; in this article, we do not. 
0.5 Acknowledgements 

Results of Beyl and Haas are included for sake of documentation that they work within our 
framework; cf. Theorem HQ] and §H No originality from my part is claimed. 

I thank B. Keller for directing me to | I12[ XII. §11]. I thank the referee for helping to consider- 
ably improve the presentation, and for suggesting Lemma |4"T1 and §8.21 I thank G. CARNOVALE 
and G. Hiss for help with Hopf algebras. 

Conventions 

Throughout these conventions, let C and V be categories, let A be an additive category, let B and B' be abelian 
categories, and let E be an exact category in which all idempotents split. 

• For a, b e Z, we write [a, 6] := {c 6 Z : a < c ^ b}, [a, b[ := {c £ Z : a c < b}, etc. 

• Given ICZ and i £ Z, we write 1^ := {j € I : j ^ i} and 7<j := {j G I : j < i}. 

• The disjoint union of sets A and B is denoted by A U B. 

*~i r ■ ■ -i-i - a b ab 

• Composition ol morphisms is written on the right, i.e. •- •- = •- . 

_ F G GoF 

• Functors act on the left. Composition of functors is written on the left, i.e. — »~ — >- = »~ 
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• Given objects X, Y in C, we denote the set of morphisms from X to Y by c(A, Y). 



The category of functors from C to T> and transformations between them is denoted by EC,X>!D. 
Denote by C(„4) the category of complexes 

d *■ i d ■ , -i d . 

X = (••• — - x 1 - 1 — - X 1 — - x l+1 — - •••) 

with values in A. Denote by C[°(„4) the full subcategory of C(^4) consisting of complexes X with X 1 = 

for i < 0. We have a full embedding A C^°(A), where, given X £ Ob„4, the complex ConcX has 

entry X at position and zero elsewhere. 

Given a complex X £ ObC(„4) and k £ Z, we denote by Jf* +fe the complex that has differential 

X l+k between positions i and i + 1. We also write X'- 1 := A'+t- 1 ) etc. 

Suppose given a full additive subcategory M Q A. Then _4/yV( denotes the quotient of A by M, which 
has the same objects as A, and which has as morphisms residue classes of morphisms of A, where two 
morphisms are in the same residue class if their difference factors over an object of A4. 

A morphism in A is split if it isomorphic, as a diagram on • — ►■ •, to a morphism of the form 
(oo) 

X © Y >- X © Z. A complex X £ Ob C(A) is split if all of its differentials are split. 

An elementary split acyclic complex in C(A) is a complex of the form 

where the entry T is at positions k and k + 1 for some k £ Z. A split acyclic complex is a complex 
isomorphic to a direct sum of elementary split acyclic complexes, i.e. a complex isomorphic to a complex 
of the form / 00 \ ( 00 ) ( ) ( 00 ) 



Let C sp ac(^4.) ^ C(„4) denote the full additive subcategory of split acyclic complexes. Let K(.A) := 
C(^4)/C spac (^l) denote the homotopy category of complexes with values in A. Let K[°(„4) denote the 
image of &°{A) in K(A). A morphism in C(^) is a homotopism if its image in K(A) is an isomorphism. 

We denote by Inj B C B the full subcategory of injective objects. 

Concerning exact categories, introduced by Quillen [141 p. 15], we use the conventions of [10, Sec. A. 2]. 
In particular, a commutative quadrangle in £ being a pullback is indicated by 



C 

a commutative quadrangle being a pushout by 

.4 





Given X £ ObC(£) with pure differentials, and given k £ Z, we denote by Z k X the kernel of the 
differential X k — - X k+1 , by Z' k X the cokernel of the differential X k ~ 1 — •- X k , and by B k X the image of 
the differential X k ~ 1 — *■ X k . Furthermore, we have pure short exact sequences B k X Z k X E k X 
and R k X Z' k X B k+1 X. 

A morphism X — >- Y in C(£) between complexes X and Y with pure differentials is a quasiisomorphism 
if applied to it yields an isomorphism for all k £ Z. A complex X with pure differentials is acyclic if 
H fc A ~ for all k ^ 0. Such a complex is also called a purely acyclic complex. 

F 

Suppose that B has enough injectives. Given a left exact functor B — >- B' , an object X £ Ob£> is 
F -acyclic if K l FX ~ for all i ^ 1. In other words, X is F-acyclic if for an injective resolution 
/ £ C[°(Inj B) of X (and then for all such injective resolutions), we have WFI ~ for all i ^ 1. 

By a module, we understand a left module, unless stated otherwise. If A is a ring, we abbreviate 
a(~, =) := A-Mod(-, =) = Homi(-, =). 
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1 Double and triple complexes 



We fix some notations and sign conventions. 



Let A and B be additive categories. Let C(A) — B be an additive functor 



1.1 Double complexes 



1.1.1 Definition 



A double complex with entries in A is a diagram 



X 



a 
a 



4~ x*+ 2j ' — ^ x i+ ' 2 ' j+1 — ^ x i+2J+2 ■ d 
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a 



in A such that = 0, dd = and old = dd everywhere. As morphisms between double com- 
plexes, we take all diagram morphisms. Let CC(^4) denote the category of double complexes. 
We may identify CC(A) = C{C{A)). 

The double complexes considered in this §1.11 are stipulated to have entries in A. 

Let CC L (*4) := C[°(Cf°(^4)) be the category of first quadrant double complexes, consisting of 
double complexes X such that X M = whenever i < or j < 0. 

Given a double complex X and i G Z, we let X 1 '* G Ob C(A) denote the complex that has 
entry J ,J at position j G Z, the differentials taken accordingly; X 1 '* is called the ith row of X. 

Similarly, given j G Z, A* J G ObC(.A) denotes the jth column of X. 



1.1.2 Applying H in different directions 

Given X G Ob CC(^t), we let H(X*~) G Ob C(A) denote the complex that has H(X*> j ) at posi- 
tion j G Z, and as differential H(X*' j ) — - H(X*' j+1 ) the image of the morphism X*' j — >~ X*' j+1 
of complexes under H. Similarly, H{X~'*) G ObC(^4) has Hi^X^*) at position j G Z. 



In other words, a "*" denotes the index direction to which H is applied, a "— " denotes the 
surviving index direction. For short, "*" before "— ". 



1.1.3 Concentrated double complexes 



Given a complex U E 0bC'°(^4), we denote by Conc 2 U E 0bCC L („4.) the double complex 
whose Oth row is given by U, and whose other rows are zero; i.e. given j E Z, then (Conc2 U) 1 ^ 
equals W if % — 0, and otherwise, the differentials taken accordingly. Similarly, Conci U E 
ObCC L (£>) denotes the double complex whose Oth column is given by U, and whose other 
columns are zero. 



1.1.4 Row- and columnwise notions 



A morphism X — »- Y of double complexes is called a rowwise homotopism if X h * — »- Y h * is a 
homotopism for all % E Z. Provided A is abelian, it is called a rowwise quasiisomorphism if 

fi,* 

X h * — ►■ Y h * is a quasiisomorphism for all i E Z. 

A morphism X — *■ Y of double complexes is called a columnwise homotopism if X*' J — ►- Y* J is 
a homotopism for all j E Z. Provided A is abelian, it is called a columnwise quasiisomorphism 

if X*' 3 — ►■ Y*' J is a quasiisomorphism for all j E Z. 

Provided A is abelian, a double complex X is called rowwise split if X h * is split for all i E Z; 
a short exact sequence X' — ►- X — ►- X" of double complexes is called rowwise split short exact 
if X*>* X*'* X ,H '* is split short exact for all i E Z. 

A double complex X is called rowwise split acyclic if X h * is a split acyclic complex for all i E Z. 
It is called columnwise split acyclic if X*^ is a split acyclic complex for all j E Z. 



1.1.5 Horizontally and vertically split acyclic double complexes 

An elementary horizontally split acyclic double complex is a double complex of the form 
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A horizontally split acyclic double complex is a double complex isomorphic to a direct sum of 
elementary horizontally split acyclic double complexes, i.e. to one of the form 



(10) 



'9 
,0 9 



'9 ON 
v09; 



'00^ 
10, 



An elementary vertically split acyclic double complex is a double complex of the form 



■T 



i+l 



T 



i+l 



A vertically split acyclic double complex is a double complex isomorphic to a direct sum of 
elementary vertically split acyclic double complexes, i.e. to one of the form 



(d0\ 
\0d) 

>■ J>i+lj0 J>r+2j ^ jn+1,3+1 ,j+l > 



(?§) 



(SS) 



(?§) 
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A horizontally split acyclic double complex is in particular rowwise split acyclic. A vertically 
split acyclic double complex is in particular columnwise split acyclic. 

A double complex is called split acyclic if it is isomorphic to the direct sum of a horizontally and 
a vertically split acyclic double complex. Let CC spac (A) denote the full additive subcategory 
of split acyclic double complexes. Let 

KK(A) := CC(A)/CC spac (A) ; 

cf. [5], IV. §4]. A morphism in CC(^4) that is mapped to an isomorphism in KK(^4) is called a 
double homotopism. 

A speculative aside. The category K(A) is Heller triangulated; cf. |10l Def. 1.5. (i), Th. 4.6]. Such 
a Heller triangulation hinges on two induced shift functors, one of them induced by the shift functor 
on K(„4). Now KK(_4) carries two shift functors, and so there might be more isomorphisms between 
induced shift functors one can fix. How can the formal structure of KK(_4) be described? 

1.1.6 Total complex 

Let KK L (*4.) be the full image of CC L (^) in KK(A). 

The total complex tX of a double complex X G Ob CC L (^4) is given by the complex 

(d d 0\ 
Id 8 0\ 0-d-d 

tX = (X°'° A ' 1 ©^ 1 ' Aizlz^L X 0,2 eX l,l ex2> VO ddj X O,3 0X l,2 0X 2,l 0X 3,O_ . . 

in ObC^ (^4). Using the induced morphisms, we obtain a total complex functor 

Since t maps elementary horizontally or vertically split acyclic double 

complexes to split acyclic complexes, it induces a functor KK L (*4.) — -*- K}-°(A). If, in addition, 
A is abelian, the total complex functor maps rowwise quasiisomorphisms and columnwise quasi- 
isomorphisms to quasiisomorphisms, as one sees using the long exact homology sequence and 
induction on a suitable filtration. 

Note that we have an isomorphism U -^t Conci U, natural in U G ObC'°(.A), having entries 
l[/ , lut, — 1[/ 2 , — 1{/ 3 , l[/ 4 , etc. Moreover, U — t Conc2 U, natural in U E ObC[°(^4). 

1.1.7 The homotopy category of first quadrant double complexes as a quotient 

Lemma 1 The residue class functor CC(^4) — ^KK(^4) ; restricted to CC L (*4) — >-KK L ( v 4.), 

induces an equivalence 

CC L (^)/(CC spac (^l)nCC L (^)) KK L (^l). 

Proof. We have to show faithfulness; i.e. that if a morphism X — <-Y in CC L (^4) factors over 
a split acyclic double complex, then it factors over a split acyclic double complex that lies in 
Ob CC L (*4.). By symmetry and additivity, it suffices to show that if a morphism X — -Y in 
CC L (.4.) factors over a horizontally split acyclic double complex, then it factors over a hori- 
zontally split acyclic double complex that lies in ObCC L (^4). Furthermore, we may assume 
X — <*■ Y to factor over an elementary horizontally split acyclic double complex S concentrated 
in the columns k and k + 1 for some fceZ. We may assume that S %,: > = for i < and j G Z. 
If k < 0, and in particular, if k = —1, then X — >- Y is zero because S — ►■ Y is zero, so that in 
this case we may assume 5 = 0. On the other hand, if k ^ 0, then 5 G ObCC L (^4). □ 

Cf. also the similar Remark O 
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1.2 Triple complexes 

1.2.1 Definition 

Let CCC(.4) := C(C(C(.A))) be the category of triple complexes. A triple complex Y has 
entries Y k ' e ' m for k, £, m G Z. 

We denote the differentials in the three directions by Y k ' e > m y k+1 > e > m , Y k ' £ > m Y k > i+1 > m 
and Y kAmJ^ Y k ' i ' m+1 , respectively. 

Let k, £, m G Z. We shall use the notation Y~ ,e,= for the double complex having at position 
(k, m) the entry Y ' ,m , differentials taken accordingly. Similarly the complex Y k ' e '* etc. 

Given a triple complex Y G Ob CCC(.4), we write HY~' = '* G Ob CC(.A) for the double complex 
having at position (k,£) the entry H{Y k ' e -'*) 1 differentials taken accordingly. 

Denote by CCC^(.A) C CCC{A) the full subcategory of first octant triple complexes; i.e. triple 
complexes Y having Y k,e,m = whenever fc<0or£<0orm<0. 

1.2.2 Planewise total complex 

For Y G Ob CCC""(y4.) we denote by t lf2 Y G ObCC L (^4) the planewise total complex of Y, 
defined for m G Z as 

(ti,2*T' m := t(y-'=- m ) , 

with the differentials of ti^Y in the horizontal direction being induced by the differentials in 
the third index direction of Y, and with the differentials of ti^Y in the vertical direction being 
given by the total complex differentials. Explicitly, given k, i ^ 0, we have 

(ti, 2 y) M = Y^ e . 

i, j ^ 0, i+j = k 

By means of induced morphisms, this furnishes a functor 

CCC^A) ^ CC L (^) 

y i— t li2 y. 
2 Cartan-Eilenberg resolutions 

We shall use Quillen's language of exact categories |14L p. 15] to deal with Cartan-Eilenberg 
resolutions [5], XVII. §1], as it has been done by Mac Lane already before this language was 
available; cf. |12|, XII. §11]. The assertions in this section are for the most part wellknown. 

2.1 A remark 

Remark 2 Let A be an additive category. Then C [0 (A) / (C [0 (A) n C spac (A)) — ^K [0 (^t) is an 
equivalence. 

Proof. Faithfulness is to be shown. A morphism X — -Y in C^°(A) that factors over an 
elementary split acyclic complex of the form (• • • — <-0 — » T = T — <-0 — >~ ■••) with T in 
positions k and k + 1 is zero, provided k < 0. □ 
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2.2 Exact categories 

Concerning the terminology of exact categories, introduced by Quillen |14|, p. 15], we refer 
to HQl Sec. A.2]. 

Let £ be an exact category in which all idempotents split. An object / G Ob£ is called 
relatively injective, or a relative injective (relative to the set of pure short exact sequences, that 
is), if g(— , I) maps pure short exact sequences of £ to short exact sequences. We say that £ 
has enough relative injectives, if for all A G 0b£, there exists a relative injective / and a pure 
monomorphism A -•-»■ /. 

In case £ is an abelian category, with all short exact sequences stipulated to be pure, then we 
omit "relative" and speak of "injectives" etc. 

Definition 3 Suppose given a complex X G ObC [0 (£) with pure differentials. A relatively 
injective complex resolution of A is a complex / G Ob &°(£), together with a quasiisomorphism 
X — ►■ J, such that the following properties are satisfied. 

(1) The object entries of / are relatively injective. 

(2) The differentials of / are pure. 

(3) The quasiisomorphism X — <- 1 consists of pure monomorphisms. 

We often refer to such a relatively injective complex resolution just by /. 

A relatively injective object resolution, or just a relatively injective resolution, of an object 
Y G Ob£ is a relatively injective complex resolution of Coney. 

A relatively injective resolution is the complex of a relatively injective object resolution of some 
object in £. 

Remark 4 Suppose that £ has enough relative injectives. Every complex X G ObC'°(£) with 
pure differentials has a relatively injective complex resolution I G ObC[°(£). 

In particular, every object Y G Ob£ has a relatively injective resolution J G ObC[°(£). 

Proof. Let X° 1° be a pure monomorphism into a relatively injective object 1°. Forming a 
pushout along X°—-+I°, we obtain a pointwise purely monomorphic morphism of complexes 
X — <~ X' with A' = 1° and X' k = X k for k ^ 2. By considering its cokernel, we see that it is 
a quasiisomorphism. So we may assume A to be relatively injective. 

Let A 1 -^J 1 be a pure monomorphism into a relatively injective object I 1 . Form a pushout 
along A 1 -M- 1 1 etc. □ 

Remark 5 Suppose given X G ObC^°(£ ) with pure differentials such that H fc A ~ for k ^ 1. 
Suppose given I G ObC^°(£) such that I k is purely injective for k ^ 0, and such that the 
differential 1° I 1 has a kernel in £. Then the map 

K io (£) (A,/) .(KerntAO^A^Kern^^L/ 1 )) 

that sends a representing morphism of complexes to the morphism induced on the mentioned 
kernels, is bijective. 
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Suppose S to have enough relative injectives. Let ICS denote the full subcategory of relative 
injectives. Let C' 0,res (X) denote the full subcategory of C'°(X) consisting of complexes X with 
pure differentials such that H fc X ~ for k ^ 1. Let Kt°' res (X) denote the image of C[° ,res (X) in 
K(£). 

Remark 6 The functor C^ ' res (X) — Xi — <-~H°(X), induces an equivalence 

K [0 ' res (X) £ . 

Proof. This functor is dense by Remark HJ and full and faithful by Remark [5j □ 
Remark 7 (exact Horseshoe Lemma) 

Given a pure short exact sequence X' — - X — - X" and relatively infective resolutions V of X' 
and I" of X" , there exists a relatively injective resolution I of X and a pointwise split short 
exact sequence V — 1 — 1" that maps under H° to X' — X — ►■ X" . 

Proof. Choose pure monomorphisms X' -»+ 1'° and X" -•-»- 1" into relative injectives I' and 
I" . Embed them into a morphism from the pure short exact sequence X' -»--X — \-*-X" to 

10 (?) 

the split short exact sequence V I' © I" J". Insert the pushout T of X' X along 

X'^I' and the pullback of J'° © J"° -h- I" along X" ^ I" to see that X — J'° © I" 
is purely monomorphic. So we can take the cokernel B 1 /' — ^B 1 / — ^B 1 /" of this mor- 
phism of pure short exact sequences. Considering the cokernels on the commutative triangle 
(X, T, F° © I" ) of pure monomorphisms, we obtain a bicartesian square (T, X ©/" , B 1 /', B 1 /) 
and conclude that the sequence of cokernels is itself purely short exact. So we can iterate. □ 

2.3 An exact category structure on C(A) 
Let A be an abelian category with enough injectives. 

Remark 8 The following conditions on a short exact sequence X' — <- X — >~ X" in C(-4) are 
equivalent. 

(1) All connectors in its long exact homology sequence are equal to zero. 

(2) The sequence B fc X' — B fc X — B fc X" is short exact for all k e Z. 

(3) The morphism Z k X — >~ Z fc X" is epimorphic for all k E Z. 
(3') The morphism Z' h X' — ►- Z /A X is monomorphic for all k G Z. 

(4) The diagram 

B k X' *- Z k X' H fc X' 

B fe X Z k X H fc X 

B k x n ^ Z k X „ _ E k X f> 

has short exact rows and short exact columns for all k G Z. 
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Proof. We consider the diagram in (4) as a (horizontal) short exact sequence of (vertical) 
complexes and regard its long exact homology sequence. Taking into account that all assertions 
are supposed to hold for all k G Z, we can employ the long exact homology sequence on 
A'^A^A" to prove the equivalence of (1), (2), (3) and (4). 

Now the assertion (1) (3) is dual to the assertion (1) (3'). □ 

Remark 9 The category C(A), equipped with the set of short exact sequences that have zero 
connectors on homology as pure short exact sequences, is an exact category with enough relatively 
injective objects in which all idempotents split. With respect to this exact category structure on 
C(^4) ; a complex is relatively injective if and only if it is split and has injective object entries. 

Cf. | I12[ XII. §11], where pure short exact sequences are called proper. A relatively injective 
object in C(A) is also referred to as an injectively split complex. To a relatively injective 
resolution of a complex X G ObC(^4), we also refer as a Cartan-Eilenberg-resolution, or, for 
short, as a CE-resolution of X; cf. [5], XVII. §1]. A CE-resolution is a CE-resolution of some 
complex. Considered as a double complex, it is in particular rowwise split and has injective 
object entries. 

f f 
Given a morphism X — <*■ X' in C(^4), CE-resolutions J of A and J' of A', a morphism J — ►■ J' 

in CC(A) such that ( J** -£l J**) = (0 — * 0) for i < and such that 

H°( j* - £^ j'*--) = (xMx') 

is called a CE-resolution of A — ►■ A'. By Remarks [9] and [6], each morphism in G(A) has a 
CE-resolution. 

Proof of RemarkM We claim that C(A), equipped with the said set of short exact sequences, is 
an exact category. We verify the conditions (Ex 1,2,3) listed in | |10L Sec. A. 2]. The conditions 
(Ex 1°,2°,3°) then follow by duality. 

Note that by Remark 0(3'), a monomorphism A — -Y in C(A) is pure if and only if 
Z' k (X — - Y) is monomorphic in A for all k G Z. 

Ad (Ex 1). To see that a split monomorphism is pure, we may use additivity of the functor Z /fc 
for fceZ. 

Ad (Ex 2). To see that the composition of two pure monomorphisms is pure, we may use Z >k 
being a functor for k G Z. 

Ad (Ex 3). Suppose given a commutative triangle 



Y 




X • *Z , 

in C(A). Applying the functor Z' h to it, for k G Z, we conclude that Z' fc (A — -Y) is monomor- 
phic, whence A — - Y is purely monomorphic. So we may complete to 



A 




X • >Z 
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in C(^4) with (X, Y, B) and (A, Y, Z) pure short exact sequences. Applying Z' k to this dia- 
gram, we conclude that Z' k (A — » B) is a monomorphism for k G Z, whence A — -B is a pure 
monomorphism. 

This proves the claim. 

Note that idempotents in C(^4) are split since C(A) is also an abelian category. 

We claim relative injectivity of complexes with split differentials and injective object entries. 
By a direct sum decomposition, and using the fact that any monomorphism from an elementary 
split acyclic complex with injective entries to an arbitrary complex is split, we are reduced to 
showing that a pure monomorphism from a complex with a single nonzero injective entry, at 
position 0, say, to an arbitrary complex is split. So suppose given I G Ob Inj A, X G Ob C(-4) 
and a pure monomorphism Cone /-•->- A. Using Remark El (3'), we may choose a retraction 
to the composite (J — - X° — - Z'°A). This yields a retraction to I — - X° that composes to 
with X' 1 — - X°, which can be employed for the sought retraction X — ►■ Cone /. This proves 
the claim. 

Let X G ObC(*4). We claim that there exists a pure monomorphism from X to a relatively 
injective complex. Since A has enough injectives, by a direct sum decomposition we are reduced 
to finding a pure monomorphism from X to a split complex. Consider the following morphism 
ifk of complexes for k G Z, 







■x k 



(10) 



X k 



z ,k x- 

(Ip) 







X 



k-2 



X 



fc-1 



■x k 



. X k+l 



where X k — h- Z' k X is taken from X. The functor Z' k maps it to the identity. We take the 
direct sum of the upper complexes over k G Z and let the morphisms ip k be the components 
of a morphism ip from X to this direct sum. At position k, this morphism (p is monomorphic 
because ipt is. Moreover, Z' k ((p) is a monomorphism because Z' k ((pk) is. Hence <p is purely 
monomorphic by condition (3') of Remark [HJ This proves the claim. □ 

Remark 10 Write 8 := C(^4). Given £ ^ 0, we have a homology functor 8 — -A, which 

induces a functor C(8) ► C(^4). Suppose given a purely acyclic complex X G ObC(£). 
Then C(E e )X G Ob C(A) is acyclic. 



Proof. This follows using the definition of pure short exact sequences, i.e. Remark 0(1). 



2.4 An exact category structure on ^(A) 

Write CC L ' CE (Inj ^4) for the full subcategory of CC L (^4) whose objects are CE-resolutions. 
Write KK L ' CE (Inj ^4) for the full subcategory of KK L (*4) whose objects are CE-resolutions. 

Remark 11 The category C'°(^4) ; equipped with the short exact sequences that lie in C [0 (A) 
and that are pure in C(A) in the sense of RemarkM as pure short exact sequences, is an exact 
category wherein idempotents are split. It has enough relative injectives, viz. injectively split 
complexes that lie in C'°(^4). 

Proof. To show that it has enough relative injectives, we replace po in the proof of Remark [9] 
by X -^*- Cone A , defined by A x ° > A at position 0. □ 
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2.5 The Cartan-Eilenberg resolution of a quasiisomorphism 

Abbreviate £ := C(^4), which is an exact category as in RemarkEJ Consider CC L (^) C 
where the second index of X G ObCC L (.A) counts the positions in £ = C(^4); i.e. when X is 
viewed as a complex with values in £, its entry at position k is given by X k) * G £ = C(A). 

Remark 12 Suppose given a split acyclic complex X G 0bC'°(^4). There exists a horizontally 
split acyclic CE-resolution J G Ob CC L,CE (Inj .4) of X. 

Proof. This holds for an elementary split acyclic complex, and thus also in the general case by 
taking a direct sum. □ 

Lemma 13 Suppose given X G Ob CC L (^4) with pure differentials when considered as an object 
ofC^{£), and with H fc (X*>-) ~ in C^{A) for k > 1. 

Suppose given J G ObCC L (Inj*A) with split rows J k) * for k ^ 1. In other words, J is supposed 
to consist of relative injective object entries when considered as an object o/C'°(£). 

Then the map 

(*) kk^UX,J) g-^gj K[ o ( ^(H (X*-),H°(j*'-)) 

is bijective. 

Proof. First, we observe that by Remark [5l we have 

(**) K[o (£) (X,J) ,(H°(X--),H°(J--)). 

So it remains to show that (*) is injective. Let X — >~ J be a morphism that vanishes under 
(*). Then H°(X*>-) — *H°(J*-) factors over a split acyclic complex S G ObC[°(.A); cf. 
Remark [2j Let K be a horizontally split acyclic CE-resolution of S; cf. Remark [121 By 
Remark we obtain a morphism X — ►■ K that lifts H° (X*' _ ) — ►■ S and a morphism K — ►■ J 
that lifts S — H° (J*^) ■ The composite X — K — J vanishes in KK L (^4). The difference 

(X -L- J) - (X — - K — - J) 

lifts H°(X*-) H°(J*-). Hence by (**), it vanishes in K^(£) and so a fortiori in KK L (y4). 
Altogether, X J vanishes in KK L („4). □ 

Proposition 14 The functor CC L,CE (Inj A) — ^— ^ — ^ C^°(^4) induces an equivalence 

KK L < CE (hiM) H °( ( - ) "") , Kl°(A). 

Proof. By Lemma [T3| this functor is full and faithful. By Remark HI it is dense. □ 

Corollary 15 Suppose given X, X' G ObC'°(.A). Let J be a CE-resolution of X . Let J' be a 
CE-resolution of X' . If X and X' are isomorphic in K^°(A), then J and J' are isomorphic in 
KK-(A). 
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The following lemma is to be compared to Remark [T2l 

Lemma 16 Suppose given an acyclic complex X e 0bC'°(^4). There exists a rowwise split 
acyclic CE-resolution J of X. Each CE-resolution of X is isomorphic to J in KK L (*4). 

Proof. By Corollary[15l it suffices to show that there exists a rowwise split acyclic CE-resolution 
of X. Recall that a CE-resolution of an arbitrary complex Y e ObC'°(^4) can be constructed 
by a choice of injective resolutions of H k Y and B k Y for k e Z, followed by an application of 
the abelian Horseshoe Lemma to the short exact sequences B k Y — «- Z k Y — ►■ H k Y for k G Z 
and then to Z k Y — Y k — B k+1 Y for k e Z; cf. [5. Chap. XVII, Prop. 1.2]. Since B k X = 
for k G Z, we may choose the zero resolution for it. Applying this construction, we obtain a 
rowwise split acyclic CE-resolution. □ 

Given X -L X' in &°(A), a morphism J -J— J' in CC L (^l) is called a CE-resolution of X -X- X' 

if H (/*'~) ~ /, as diagrams of the form • — >-•. By Remark [5], given CE-resolutions J of X 

f f 

and J' of X', there exists a CE-resolution J — - J' of X — - X' . 

Proposition 17 Let I^X' be a quasiisomorphism in C^°(A). Let J —*- J' be a 

CE-resolution of X -L* X'. Then f can be written as a composite in CC L ' CE (Inj A) of a rowwise 
homotopism, followed by a double homotopism. 

Proof. Choose a pointwise split monomorphism X — A into a split acyclic complex X. We 
can factor n\ 

{x-Ux 1 ) = (iHj'eiiii'), 

so that (fa) is a pointwise split monomorphism. Let B be a CE-resolution of A. Choosing a 
CE-resolution 6 of a, we obtain the factorisation 

(jMj>) = (j(Mj>®b^Ij>) . 

(o) (o) 
since X'®A^+ X' is a homotopism, J' @B ►■ J is a double homotopism; cf. Corollary [TBI 

Hence / is a composite of a rowwise homotopism and a double homotopism if and only if this 

holds for (fb). So we may assume that / is pointwise split monomorphic, so in particular, 

monomorphic. 

By Proposition [TH we may replace the given CE-resolution / by an arbitrary CE-resolution of 
/ between J and an arbitrarily chosen CE-resolution of X' without changing the property of 
being a composite of a rowwise homotopism and a double homotopism for this newly chosen 
CE-resolution of /. 

Let I-^-I' — -X be a short exact sequence in C'°(^4). Since / is a quasiisomorphism, 
X e ObCl°(^) is acyclic. Let J be a rowwise split acyclic CE-resolution of X; cf. Lemma [Tol 
The short exact sequence X^X'^X is pure by acyclicity of X; cf. Remark [HI (1). Hence 
by the exact Horseshoe Lemma, there exists a rowwise split short exact sequence J — ►■ J' — ►■ J 
of CE-resolutions that maps to X^X'^X under H° ((-)*'"); cf. Remark [3 Since J 
is rowwise split acyclic and since the sequence J — ►■ J' — - J is rowwise split short exact, 
J — >- J' is a rowwise homotopism. Since J — >~ J' is a CE-resolution of X X', this proves 
the proposition. □ 
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3 Formalism of spectral sequences 

We follow essentially Verdier |17L II. 4]; cf. [6, App.]; on a more basic level, cf. [Ill Kap. 4]. 
Let A be an abelian category. 

3.1 Pointwise split and pointwise finitely filtered complexes 

Let Zqo := {— oo}UZU{oo}, considered as a linearly ordered set, and thus as a category. Write 
]a,/3] := {a E : oi < a ^ /3} for a, (3 E Zoo such that a ^ /3; etc. 

Given X E Ob EZoo, C(A)J, the morphism of X on a ^ (3 in Z^ shall be denoted by 
X(a)-^X{p). 

An object X E Ob EZqo, C(.A)3 is called a pointwise split and pointwise finitely filtered complex 
(with values in A), provided (SFF 1,2,3) hold. 

(SFF 1) We have X(-oo) = 0. 

(SFF 2) The morphism X(a) 1 — - X{j3y is split monomorphic for alH E Z and all a ^ /3 in Z^. 

(SFF 3) For all i E Z, there exist (3 , a E Z such that X(o;) i ^X(^) i is an identity whenever 
a ^ P ^ A) or cto ^ a ^ /3 in Zoo- 

The pointwise split and pointwise finitely filtered complexes with values in A form a full sub- 
category SFFC(^) C EZoo,C(^)3. 

Suppose given a pointwise split and pointwise finitely filtered complex X with values in A for 
the rest of the present $3l 

Let a E Z^. Write X(a) := Cokern (X(a — 1) — -X(a)) for a E Z. Given i E Z, we obtain 
X(a)* ~ ©o-ej-ooa] X(o-)\ which is a finite direct sum. We identify along this isomorphism. In 
particular, we get as a matrix representation for the differential 

(x(ay^Lx(ay +1 ) = ( x(o-y {d% ' rUT . x( T y 

where <i^ T = whenever a < r; a kind of lower triangular matrix. 




3.2 Spectral objects 

Let Zoo := Zoo x Z. Write a +k := (a, fc), where a E Zoo and k E Z. Let ct +fc ^ in Zoo if 
k < £ or (k = I and a ^ (3), i.e. let Zoo be linearly ordered via a lexicographical ordering. We 
have an automorphism a +k i — >-a +A:+1 of the poset Zoo, to which we refer as shift. Note that 
-oo+ fc = (-oo) +fc . 

We have an order preserving injection Zoo — " Zqo , ot\ — -a +0 . We use this injection as an 
identification of Zoo with its image in Zoo , i-e. we sometimes write a := a +0 by abuse of 
notation. 
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Let Z# := {(a,P) G Z^ x Z^ : /T 1 ^ a < p ^ a +1 }. We usually write p/a := (a, (3) E Z*; 
reminiscent of a quotient. The set Z* is partially ordered by P/a ^ P'/a' :^=?- (j3 ^ f3' and 
a ^ a'). We have an automorphism P/a\ — -(j3/a) +1 := a +1 /j3 of the poset Z#, to which, 
again, we refer as shift. 

We write Z* := {{3 /a E Z# : — oo ^ a ^ /3 ^ oo}. Note that any element of Z* can 
uniquely be written as (f3/a) +k for some P/a E Z* and some k E Z. 

We shall construct the spectral object Sp(X) E Ob EZ* , K(A)I1. The morphism of Sp(X) on 
P/a < (3' /a' in Z# shall be denoted by X{(3/a) X{(3'/a'). 

We require that 

(x((/3/«) +fe ) X(03'/a') +fc )) = (*(/?/<*) X^/oT))^ 

for ^ in Z#; i.e., roughly put, that Sp(X) be periodic up to shift of complexes. 

Define 

X((3/a) := Cokern (X(a)-^X(P)) 

for (3/a E Z*. By periodicity, we conclude that X(a/a) = and X[a +1 /a) = for all 
a E Zoo. 

Write 

for i G Z and /J'/a' G Z# . 

Given — oo ^a^/9^7^oo and i G Z, we let 

X{P/a) i — X( 7 /a)^ := (xtf/a)' X(P/aY © X( 7 //5)" 

(x( 7 /a)« — X( 7 //3)^ := ^(/tya)* © Xfr//?)' X( 7 //3)^ 
X( 7 //3) < — X(a +1 //3)A := (xfr/py 



By periodicity up to shift of complexes, this defines Sp(X). The construction is functorial in 
X G ObSFFC(„4). 

3.3 Spectral sequences 

Let Z## := {( 7 /a, 6/(3) E Z# x Z# : < a < P_ < 7 ^ Given ( 7 /a, *//?) G Z##, 

we usually write S/P/j/a := ( , y/a,5/P). The set Z*# is partially ordered by 

5/Pl-y/a ^ b'/P'h'/d :<^> (7/a ^ 7 '/a' and «S//3 ^ 5'/P') . 

Define the spectral sequence E(X) G Ob EZ# # ,„4J of X by letting its value on 

5/P/h/a < W/V/o' 

in Z*# be the morphism that appears in the middle column of the diagram 

H° (X( 7 /a)) nS/Ph/a) (X) — H° (X(5/P)) 

H°(x) e H°(x) 

H°(x(y/«o) -^E(5V/37/y/ a ')(x)^H°(x(W)) . 
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Given 5//3//j/a G Z# # and k G Z, we also write 

E(<5//?/7/«) +fe (X) := E((5//3) + V/(7/«) +fc )W. 

Altogether, 

IZ^CiA)] D SFFC(^) — IZ*,K(A)1 — \LZ*#,A1\ 

X i— Sppf) i — »- E(X) . 

3.4 A short exact sequence 

Lemma 18 Given e^ 1 ^a^(3^ , y^5^6^ a +1 in Z^, we have a short exact sequence 
E(e//3/ 7 /a)(X) — E{e//3/5/a)(X) 4~ E(e/>y/6/a)(X) . 

Proof. See PH Lem. 3.9]. 

Lemma 19 Given e^ 1 ^a^j3^ / y^5^e^ a +1 in Z^, we have a short exact sequence 
E{eh//5/a){X) -L. E{e/>y/6/P)(X) 4+ E(a +1 / 7 /*//9)(X) . 

Proof. Apply the functor induced by (3/a\ — -a +l / (3 to Sp(A). Then apply |10L Lem. 3.9]. □ 

The short exact sequence in Lemma [TBI is called a fundamental short exact sequence (in first 
notation), the short exact sequence in Lemma [191 is called a fundamental short exact sequence 
(in second notation). They will be used without further comment. 

3.5 Classical indexing 

Let 1 ^ r ^ oo and let p, q G Z. Denote 

E p r ' q = E p r ' q (X) := E(-p-l + r/-p-l//-p/-p-r) +p+q (X) , 
where i + oo := oo and i — oo := — oo for all i G Z. 

Example 20 The short exact sequences in Lemmata IT51 [K)l allow to derive the exact couples of 
Massey. Write D« = D^'(X) := E(-i/ -oo/ -z-r+1/ -oo) +i+i pf ) for i, j € Z and r > 1. We 
obtain an exact sequence 

e ( rji-l,i+l e , -gj+r-2,j-r+2 e ( jji+r-1, j-r+2 e ( jy+r-2, j-r+3 

by Lemmata [151 Hgi 

3.6 Comparing proper spectral sequences 

Let X — be a morphism in SFFC(^4), i.e. a morphism of pointwise split and pointwise 

finitely filtered complexes with values in A. Write E(X) E(Y) for the induced morphism 

on the spectral sequences. 
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For a, (3 G Z^, we write a < /3 if 

(a < /3) or (a = P and a G {oo +fc : A; G Z} U {-oo +k : fc G Z}) . 

We write 

Z# # := G Z## : 8' 1 ^ a < (3 < 7 < <K . 

We write 

E = E(X) := E(X)|^# # G OblZ#*,Al 
for the proper spectral sequence of X; analogously for the morphisms. 

Lemma 21 IfE(a + l/a— l//a/a — 2) +k (f) is an isomorphism for all a G Z and a// fc G Z, 
i/ien E(/) an isomorphism. 

Proof. Claim 1. We have an isomorphism E( 7 //3 - - 2) +k (f) for all fc G Z, all /3 G Z 

and all 7 G Z such that 7 > (3. We have an isomorphism E{(3 +1/(3 — l//(3/a — l) +k (f) for all 
k G Z, all /5 G Z and all a G Z such that a < (3. 

The assertions follow by induction using the exact sequences 

E( 7 + 2/7/7 +l/P) +k - 1 — E( 7 //3 - l//(3/(3 - 2) +k -U E( 7 + 1/0 - 1/(3/ [3 - 2) +k — 
and 

— E{fi+l/(3-l//(3/a-2) +k E(/3+l//3-l//3/a-l) +fc E(/3-l/a-2/a-l/a-3) +fe+ 

Ciaim jg. We have an isomorphism E(j/f3 - I// (3 /a - l) +k (f) for all k G Z and all a, /3, 7 G Z 
such that a < (3 < 7. 

We proceed by induction on 7 — a. By Claim 1, we may assume that a < (3 — 1 < /3 + 1 < 7. 
Consider the image diagram 

E( 7 - 1/(3 - 1/1(3/ a - l)+ k E( 7 //3 - - l) +k — E( 7 //3 - l//?/a) +fc . 

Claim 3. We have an isomorphism E(8 / (3 //^ / a) +k (f) for all k G Z and all a, /3, 7, <5 G Z such 
that a < (3 < 7 < 5. 

We may assume that 7 - (3 ^ 1, for E(8 / (3 // (3 / a) +k = 0. We proceed by induction on 7 — (3. 
By Claim 2, we may assume that 7 — (3 ^ 2. Consider the short exact sequence 

EOV/V/7- V«) +fc — E{5/P// 1 /a) +k -U E(5/7- V/7/«) +fc ■ 

Claim 4- We have an isomorphism E(8/(3// r y/a) +k (f) for all G Z and all a, /3, j, 6 G Z^ 
such that a < /? ^ 7 < 5. 

In view of Claim 3, it suffices to choose a G Z small enough such that E(5 / (3 / 7 / a) +k (f) = 
E(5//3//7/-oo) +fc (/); etc. 

Claim 5. We have an isomorphism E{8/ (3//^ /a) +k (f) for all G Z and all a, (3,^,8 G Z^ 
such that a < /? ^ 7 < 5. 

In view of Claim 4, it suffices to choose (3 G Z small enough such that E(8/ (3//^ / — oo) +k (f) = 
E(<V - 00/7/ -oo)+ fe (/); etc. 
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Claim 6. We have an isomorphism E(b~ / (3 // ^ / a) +k (f) for all k G Z and all a, /3, 7, 5 G Z^ 
such that —00 ^ ^a</3^7^oo< — oo +1 ^ <5 ^ a +1 . 

In view of Claim 5, it suffices to consider the short exact sequence 

E(oo//3/ 7 /r 1 ) +fc E(oo//?/ 7 /a) +fc 4* E(5/ P/h/a) +k . 

Claim 7. The morphism E(/) is an isomorphism. 

Suppose given a, /3, 7, 5 G Z^ such that ^a</?^7<5^ a +1 . Via a shift, we may 
assume that we are in the situation of Claim 5 or of Claim 6. □ 



3.7 The first spectral sequence of a double complex 

Let A be an abelian category. Let X G 0bCC L (*4.). Given n G Z^, we write X^ 1 '* for 
the double complex arising from X by replacing X 1 ^ by for all i G [0,n[. We define a 
pointwise split and pointwise finitely filtered complex tiX, called the first filtration of tX , by 
letting tiX(a) := tX^ a '* for a G Z^; and by letting tiX(a) — -tiX((3) be the pointwise split 
inclusion tX^~ a '* —tX^'* for a, (3 G Z ra such that a ^ (3. Let E : = E^X) := E(tjX). This 
construction is functorial in X G ObCC L (y4). Note that t^X(a) = X~ a ' k+a . 

We record the following wellknown lemma in the language we use here. 

Lemma 22 Let a g] — 00, 0]. Let fceZ siic/i £/iat /c ^ —a. VKe /iai>e 

Ei(a/a- 1/a/a- l) +fc (X) = H fc+a (X~ a '*) 
E^a + 1/a - 1/a/a - 2) +k (X) = H~ Q (H fe+Q (X-'*)) , 

naturally in X G ObCC L (y4). 

Proo/. The first equality follows by E^a/a - 1/a/a - l) +k = H fc t T X(a/a - 1) = R k+a (X~ a '*). 

The morphism t T X(a/a - 1) -^t T X((a - 2) +1 /a - l) = t T X(a - 1/a - 2)' +1 from Sp{tjX) 
is at position k ^ given by 

(-l) a d 



tiX(a) 



X 



-a,k+a 



cf. §1.1.61 In particular, the morphisms 



Ei(a + 1/a/a + 1/a) 
are given by 



+k-l 



E\ (a/ a — 1/a/a — 1) 



x - a+ i, k+a = _ ^ k+ i . 

- Ei(a - 1/a - 2/a - 1/a - 2) +k+1 



+k 



R k+a (X 



N M) Q+1 H fc +"(d) Rk+afv _ a ^ uifc+a ^_ a+1) , 



( (X~ a '*) 



H fc+a (X- 



)■ 



Now the second equality follows by the diagram 

Ei(a + 1/a - 1/a/a - 2) +k 



Ei(a/a- 1/a/a -2)" 



Ei(a + 1/a - 1/a/a - 1) 



+k 



Ei(a + 1/a/a + l/a)+ fc 



k-l 



■ Ei(a/a - 1/a/a - l) +k — E^a - 1/a - 2/a - 1/a - 2) +k+1 
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Remark 23 Let X — ^— Y be a rowwise quasiisomorphism in CC L (^4). Then 
Ei(5 / (3 1 '7 / a) +k (f) is an isomorphism for <5 _1 ^a^/3^7^5^ ct +1 m Z ro and fc G Z. 

Proof. It suffices to show that the morphism Sp(ti/) in EZ# , K(.4.)3 is pointwise a quasiiso- 
morphism. To have this, it suffices to show that tf^ h '* is a quasiisomorphism for k ^ 0. But 
is a rowwise quasiisomorphism for k ^ 0; cf. §1.1.61 □ 

Lemma 24 r/ie /meter CC L (^) EZ# # , „43 /actors 

KK L (^) A Ez# # , .43 . 

Proof. By Lemma (TJ we have to show that Ei annihilates all elementary horizontally split acyclic 
double complexes in Ob CC L (^4) and all elementary vertically split acyclic double complexes in 
ObCC L (^). 

Let U G Ob CC L (^4) be an elementary vertically split acyclic double complex concentrated in 
rows % and i + 1, where i ^ 0. Let V G ObCC L (^4) be an elementary horizontally split acyclic 
double complex concentrated in columns j and j + 1, where j ^ 0. 

Since V is rowwise acyclic, Ej annihilates V by Remark [23l whence so does Ei. 

Suppose given 

(*) — oo ^«</?^7<o"^oo 

in Zqo and fceZ. We claim that the functor E\(8 / (3 // ~f / a) +k annihilates U. We may assume 
that (3 < 7. Note that Ej{8 / (3 //~f / a) +k {U) is the image of 

H fc (W(7/a)) — H fc (t!i7(V/3)) • 

The double complex U^ s '* /U^ 13 '* is columnwise acyclic except possibly if —(3 = i + 1 or 
if —5 = i + 1. The double complex £/"'~ 7 '* /U^ a '* is columnwise acyclic except possibly if 
—a = z + 1 or if —7 = z + 1. All three remaining combinations of these exceptional cases are 
excluded by (*), however. Hence Ei(5/ /3//'y/a) +k (U) = 0. This proves the claim. 

Suppose given 

(**) cT 1 ^ a < (3 ^ 7 < 00 < -oo +1 < 6 < ct +1 . 

in Zqo and fc G Z. We claim that the functor E\{8 / j3 // ^ / a) +k annihilates [/. We may assume 
that (3 < 7 and that o"" 1 < a. Note that E 1 (5/f3//<y/a) +k (U) is the image of 

H fc (t I f/( 7 /a)) — H^titfGS/r 1 )) . 

The double complex /U^"^ s )'* is columnwise acyclic except possibly if — = i + 1 

or if —(3 = i + l. The double complex [/' _7 '* /U^~ a '* is columnwise acyclic except possibly if 
—7 = 2 + 1 or if —a = i + 1. Both remaining combinations of these exceptional cases are 
excluded by (**), however. Hence Ei{5/ j3// r y/a) +k {U) = 0. This proves the claim. 

Both claims taken together show that E\ annihilates U. □ 
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4 Grothendieck spectral sequences 

4.1 Certain quasiisomorphisms are preserved by a left exact functor 

F 

Suppose given abelian categories A, £>, and suppose that A has enough injectives. Let A — - B 
be a left exact functor. 

Remark 25 Suppose given an F -acyclic object X G Ob A and an injective resolution 
I E ObC'°(Inj^4) of X. Let ConcX — -I be its quasiisomorphism. Then Cone FX — -FI 
is a quasiisomorphism. 

Proof. This follows since F is left exact and since W(FI) ~ (R l F)X ~ for i ^ 1. □ 

Remark 26 Suppose given a complex U G ObC'°(^4) consisting of F -acyclic objects. There 

exists an injective complex resolution I G ObC^ (Inj^4) of U such that its quasiisomorphism 

f p f 

U — >~ / maps to a quasiisomorphism FU — - FT 

Proof. Let J G Ob CC L ' CE (Inj ^4) be a CE-resolution of U; cf. Remark O Since the mor- 
phism of double complexes Conc2 U — J is a columnwise quasiisomorphism consisting of 
monomorphisms, taking the total complex, we obtain a quasiisomorphism U — <-tJ consist- 
ing of monomorphisms. By F-acyclicity of the entries of U, the image Conc2 FU — F J under 
F is a columnwise quasiisomorphism, too; cf. Remark 1251 Hence F maps the quasiisomorphism 
U — >~ t J to the quasiisomorphism FU — <~ Ft J. So we may take / := t J. □ 

Lemma 27 Suppose given a complex U G ObC[°(^4) consisting of F -acyclic objects and an 
injective complex resolution I G Ob Ct°(Inj A) of U . Let U —*- 1 be its quasiisomorphism. 
Then FU FI is a quasiisomorphism. 

Proof. Let U — ►■ V be a quasiisomorphism to an injective complex resolution V that is mapped 
to a quasiisomorphism by F; cf. Remark [26j Since U — -F is a quasiisomorphism, the induced 

map k(A)(U, I) " — k{a{J'i 1) is surjective, so that there exists a morphism V — +■ I such that 

f f 
— — /) = (U^I)mK(A). Since, moreover, U — ►■ / is a quasiisomorphism, F — ►■ / 

is a homotopism. Since FU — ►■ FF is a quasiisomorphism and FF — FI is a homotopism, 

we conclude that FU — - FI is a quasiisomorphism. □ 

4.2 Definition of the Grothendieck spectral sequence functor 

Suppose given abelian categories A, B and C, and suppose that A and B have enough injectives. 
Let A -?-*■ B and B —- C be left exact functors. 

A (F,G)-acyclic resolution of X G Ob A is a complex A G Oh& (A), together with a quasi- 
isomorphism ConcX — -A, such that the following hold. 

(A 1) The object A 1 is F-acyclic for i ^ 0. 

(A 2) The object A { is [G o F)-acyclic for i ^ 0. 
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(A 3) The object FA i is G-acyclic for % ^ 0. 

An object X 6 Ob A that possesses an (F, G)-acyclic resolution is called (F,G)-acyclicly re- 
solvable. The full subcategory of (F, G)-acyclicly resolvable objects in A is denoted by A(f,g)- 

A complex A e ObC'°(^4), together with a quasiisomorphism ConcX — -A, is called an 
F-acyclic resolution of X e Ob ^4 if (A 2) holds. 

Remark 28 F carries injective objects to G-acyclic objects, then (Al) and (A3) imply 
(A2). 

Proof. Given % ^ 0, we let / be an injective resolution of A 1 , and J the acyclic complex 
obtained by appending A 1 to / in position —1. Since A 1 is F-acyclic, the complex FI is acyclic; 
cf. Remark [25] Note that FB°I ~ FA* is G-acyclic by assumption. Since 

(R k G)FP — (R fc G)FB J+1 J — (R fc+1 G)FB J 7 

is exact in the middle for j ^ and A; ^ 1, we may conclude by induction on j and by 
G-acyclicity assumption on FP that FWI is G-acyclic for j ^ 0. In particular, we have 
(R 1 G)(FBU) ~ for j ^ 0, whence 

GFBU — GFP — GFB J+1 J 

is short exact for j ^ 0. We conclude that (G o F)I is acyclic. Hence A* is (G o F)-acyclic. □ 

To see Remark [551 one could also use a Grothendieck spectral sequence, once established. 

Remark 29 Suppose given X G Ob ^4, an injective resolution I of X and an F-acyclic re- 
solution A of X . Then there exists a quasiisomorphism A — -I that is mapped to lx by H°. 
Moreover, any morphism A — »- / that is mapped to lx by H° is a quasiisomorphism and is 

Fu 

mapped to a quasiisomorphism FA FI by F. 

Proof. Let V be an injective complex resolution of A such that its quasiisomorphism A — P is 
mapped to a quasiisomorphism by F; cf. Remark [261 We use the composite quasiisomorphism 
Cone X — -A — - P to resolve X by P. 

To prove the first assertion, note that there is a homotopism P — - 1 resolving lx', whence the 
composite (A — <~P — -I) is a quasiisomorphism resolving lx- 

To prove the second assertion, note that the induced map k(A)(A, I) - — k(^)(^', I) is surjective, 
whence there is a factorisation (A — - P — - 1) = (A — *■ J) in K{A) for some morphism P — - J, 
which, since resolving lx as well, is a homotopism. In particular, A — J is a quasiisomorphism. 

Fu 

Finally, since FI — ►■ FI is a homotopism, also FA — ►■ FI is a quasiisomorphism. □ 

Alternatively, in the last step of the preceding proof we could have invoked Lemma [27] 

The following construction originates in [51 XVII. §7] and [T[ Th. 2.4.1]. In its present form, it 
has been carried out by Haas in the classical framework [8] . We do not claim any originality. 

I do not know whether the use of injectives in A in the following construction can be avoided; in 
any case, it would be desirable to do so. 
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We set out to define the proper Grothendieck spectral sequence functor 

A im ^ IZ**, CI . 



We define E^ r G on objects. Suppose given X G Ob A(f,G)- Choose an (F, G)-acyclic resolution 
A x G ObCl°(U) of X. Choose a CE-resolution J x G ObCC L (Inj£) of FA X . Let Ef G {X) : = 
Ei(GJx-) = E(tiGJx) G Ob IZ*#, CI be the Grothendieck spectral sequence of X with respect 
to F and G. Accordingly, let 

E%(X) := Ei(GJx) = E(tiGJx) G OblZ**, CI 

be the proper Grothendieck spectral sequence of X with respect to F and G. 

We define E^ r G on morphisms. Suppose given X G Ob A(f,g\ j an d let Ax and Jx be as 
above. Choose an injective resolution I x G ObC'°(Inj^4) of X. Choose a quasiisomorphism 
Ax —^*- Ix that is mapped to l x by H° and to a quasiisomorphism by F; cf. Remark 1291 Choose 
a CE-resolution K x G Ob CC L (Inj B) of Fix- Choose a morphism J x K x in CC L (Inj B) 
that is mapped to Fp x by H°((— )*' _ ); cf. Remark [61 

Note that J x Fx can be written as a composite in CC L ' CE (Inj B) of a rowwise homotopism, 
followed by a double homotopism; cf. Proposition [171 Hence, so can GJ X GF X . Thus 

Ei(GJx) El(Ggx) ■ Ei(GK x ) is an isomorphism; cf . Remark [23], Lemma [211 

Suppose given X — *■ Y in .A^g)- Choose a morphism I x — ly in 0°(A) that is mapped to 

J! ft 

f by H°. Choose a morphism K x — *■ K Y in CC L (Inj B) that is mapped to Ff by H° ((—)*"); 
cf. Remark [HI Let 

E% g (X-Ly) := f MGJx) MG J x) » Ej(G'Fx) -^i^U E^GFy) . E^V.A ) 



The procedure can be adumbrated as follows. 

K x - Ky 

Jx Jy 



Ix 



r 



Iy 



Ax 



PY 

A Y 



X Y 

We show that this defines a functor E^ r G : Aip,G) — *■ EZ##, CI. We need to show independence 
of the construction from the choices of /' and /", for then functoriality follows by appropriate 
choices. 
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£l ell ~ 

Let I x I Y and K x — Ky be alternative choices. The residue classes of /' and /' in K'°(^4) 
coincide, whence so do the residue classes of Ff and Ff in K'°(i3). Therefore, the residue 
classes of /" and /" in KK L (i3) coincide; cf. Proposition [TH Hence, so do the residue classes of 
Gf" and Gf" in KK L (C). Thus Ej(Gf") = Ei(G/"); cf. Lemma [ 



We show that alternative choices of Ax, Ix andpx, and of Jx, Kx and qx, yield isomorphic 
proper Grothendieck spectral sequence functors. 



Let Ax Ix and Jx Kx be alternative choices, where X runs through Ob A(f,G)- 
Suppose given X — » Y in A(f,g)- We resolve the commutative quadrangle 



X 



Y 



X^^Y 



in A to a commutative quadrangle 




Uy 



Ix—^Iy 

in K}°(A), in which Ux and Uy are homotopisms; cf. Remark [6j Then we resolve the commu- 
tative quadrangle 



Fix 

Fu x 



Fly 

Fuy 



Ff 

Fix Fly 



in K}°(B) to a commutative quadrangle 



f" 

Kx^Ky 



I'X 



vy 



K 



x 



K 



Y 



in KK L (£>); cf. Proposition [TH Therein, vx and vy are each composed of a rowwise homotopism, 
followed by a double homotopism; cf. Proposition \T7\ So are Gv x and Gvy. An application of 
Ei(G(— )) yields the sought isotransformation, viz. 

E^GJx) M °J x) . MGKx) M Z Vx) > MGKx) ■ M ^ x) MGJx] 



at X E 0b^4(^G); cf. Remark 123] Lemma [2] 

Finally, we recall the starting point of the whole enterprise. 



Remark 30 ([H XVII.§7], [H Th. 2.4.1]) Suppose given X E Ob A {F ,G) and k, I E Z^ . We 

have 

ti%(-k + l/-k-l//-k/-k-2) +k+ \X) ~ (R k G)(R i F)(X) 
E£ r G (oo/-oo/oo/-oo) +fc+£ (X) - (R w (GoF))(I) , 

naturally in X . 



27 



Proof. Keep the notation of the definition of Ep r G . 

We shall prove the first isomorphism. By Lemma [221 we have 

E% G (-k + l/-k-l/-k/-k-2) +k+t (X) ~ R k (R\GJ x '*)) . 

Since J x is rowwise split, we have H e (GJ x '*) ~ G(H e J x '*). Note that H^J^'* is an injective 
resolution of R E FA X ; cf. Remark El (1). By RemarkEHl H £ FA X ^-5? R e FI x ^ (R £ F)(X). So 

R k (K e (GJ x '*)) ~ H fc (G(H £ J x '*)) ~ (R fc G) (R e FA x ) ~ (R fc G)(RfF)(X) . 

We shall prove naturality of the first isomorphism. Suppose given X — ►■ Y in A(f,g)- Consider 
the following commutative diagram. Abbreviate E := E(— k + 1/ —k — 1 // —k / —k — 2) +k+e . 

E(tiGJ x ) E(tiGKx) > E(tjGK Y ) < E(tiGJ Y ) 



H fe H*Gg~'* 



K k K e GJ x '* " " K k R e GK x ^ — Gf " - > R k K e GK^* - - - K^GJy '* 



H GH J 



H fc GH f ? ~'* 



A' 



H k GH*/" - '* 



(R fc G)H^Fyl x (R " G) " FPX * (R k G)R e FI x 



U k GR e K^* 



(R k G)H e FI Y 



■ H k GR e Jv'* 



(R k G)R e FA Y 



(R k G){WF)(X) 



(R k G){R*F)(Y) 



We shall prove the second isomorphism. By Lemma [271 the quasiisomorphism FA X — tJ x 
maps to a quasiisomorphism GFA X — <-tGJ x ~ GtJ x . By Lemma [271 the quasiisomorphism 



Ax Ix maps to a quasiisomorphism GFA X GFpx > GFI X . So 

E^gI 00 /- 00 / 00 /- 00 )^^^) - H^(tGJ x ) ~ H^(GtJ x ) ~ E k+e (GFA x ) 

~ H*+^(GF/ X ) ~ (R w (GoF))(I). 

We shall prove naturality of the second isomorphism. Consider the following diagram. Abbre- 
viate E : = E^ G (oo/-oo/oo/-oo) +/£ +^ 

S(txGJx) E(tiGK x ) — ^ E{t\GK Y ) - EfaGJy) 



U k+e tGJ 



H k + e tGqx 



X 



R k+e GtJ x 
i 



R k+e tGK 



H k+t tGf'' 



X 



K k+t Gtq> 



H k+e GtK x 



H fc +*Gt/'- 



R k+e GFA 



K k+i GFpi 



X 



R k+e GFI x 



U k+e GFf 



E k+e tGK y 



R k+£ GtK Y 



R k+e GFI Y 



K k+e tGq Y 



R k+e tG,h 



H k+e Gtq Y 



R k+e GtJ Y 



a k+e GF Py 



H k+t GFAy 



(R k+e (GoF))(X) (Rfc+ " (Gof))( { ) ( R fc+<(GoF))(y) 
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4.3 Haas transformations 

The following transformations have been constructed in the classical framework by Haas [8 J . We 
do not claim any originality. 



4.3.1 Situation 

Consider the following diagram of abelian categories, left exact functors and transformations, 




i.e. F' o U V o F and G' o V W o G. Suppose that the conditions (1, 2, 3) hold. 

(1) The categories A, B, A' and £>' have enough injectives. 

(2) The functors U and V carry injectives to injectives. 

(3) The functor F carries injective to G-acyclic objects. The functor F' carries injective to 
G"-acyclic objects. 

We have A(f,g) — A since an injective resolution is an (F, G)-acyclic resolution. Likewise, we 
have A', F , jG n = A'. 

Note in particular the case U = 1^ , V = lg and W = \q ■ 
We set out to define the Haas transformations 

where h^ depends on F, F', G', U, V and /x, and where h* 1 depends on F, G, G', V, W and v. 
4.3.2 Construction of the first Haas transformation 

Given T G Ob A, we let E^ G (T) be defined via an injective resolution It of T and via a 
CE-resolution J T of FI T ; cf. fel 

Given T" G Ob .A', we let E^ G ,(T') be defined via an injective resolution V T , of T' and via a 
CE-resolution J^, # of F'I T ,; cf.' j M 

We define h* Let X G Ob A By Remark[5J there is a unique morphism -^-i U Ix in K'°(^4') 
that maps to lf/x under H . Let J' ux — VJx be the unique morphism in KK L (£>') that maps 

to the composite morphism ^F'I' UX F -^ F'UIx-^VFIxj in K^(B') under H° ((-)*"); cf. 
Lemma [131 Let the first Haas transformation be defined by 

(e%,(UX) E%r oV {X)) := (UG'J' UX )^^UG'VJ X ) 
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T f f 

We show that h is a transformation. Let X — ►■ Y be a morphism in A. Let Jx — ►■ ly resolve 



X -L Y. Let J x X J y resolve F/ x X Fiy. Let X- 



resolve £/X 



Uf 



UY. Let 



r// ^/ rl 

J' ux — - Juy resolve F'I UX — *■ F'I UY - The quadrangle 



UX 

Uf 

UY- 



UX 

Uf 

UY 



commutes in A'. Hence, by Remark [5], applied to I' ux and Uly, the resolved quadrangle 

p h'X jjj 

Uf 
Uly 



i 

UY 



h'Y 



commutes in K^°(A'). Hence both quadrangles in 

F'h'X 



F'I'ux 



F'f 



F'I'uy 



F'UI 



F'h'Y 



x — 

F'Uf 

F'UI Y — 



VFI X 

VFf 



VFI 



Y 



commute in K^ (B'). By Lemma fT3l applied to J' ux and VJy, the outer quadrangle in the 
latter diagram can be resolved to the commutative quadrangle 



v 

J ux 



f" 



h"X 



VJ X 

Vf" 



UY 



ti'Y 



VF 



Y 



in KK L (i3'). Applying E^G^— )) and employing the definitions of E^ G , , Ep* G , oV and h^ , we 
obtain the sought commutative diagram 



E$ jG ,(UX) 
Ef, G ,{UY) 



E F*G'°v( X ) 



in EZ## CI. 



4.3.3 Construction of the second Haas transformation 



We maintain the notation of §4.3.21 

Given X G Ob A, we let the second Haas transformation be defined by 

■ (X) ^ E^ WoG (X) 
It is a transformation since v is. 



17 Gr 

^F,GoV 1 



E l {G'VJ x ) Ei(WGJ x ] 
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5 The first comparison 

5.1 The first comparison isomorphism 

Suppose given abelian categories A, A' and B with enough injectives and an abelian category C. 

F G 

Let Ax A' — B be a biadditive functor. Let B — C be an additive functor. 

Suppose given objects X e Ob A and X' e Ob A'. Suppose the following properties to hold. 

(a) The functor F(—,X') : A — - 13 is left exact, 
(a') The functor F(X, -) : A' — £ is left exact. 

(b) The functor G is left exact. 

(c) The object X possesses a (F(— ,X'), G)-acyclic resolution A e ObC[°(*4). 
(c') The object X' possesses a (F(X,-), G)-acyclic resolution A' e ObC^'). 

Moreover, the resolutions appearing in (c) and (c') are stipulated to have the following proper- 
ties. 

(d) For all k ^ 0, the quasiisomorphism ConcX — -A is mapped to a quasiisomorphism 
Cone F(X, A' k )^F '(A, A' k ) under F(-,A' k ). 

(d') For all k ^ 0, the quasiisomorphism ConcX' — -A' is mapped to a quasiisomorphism 
Cone F(A k , X') — F(A k , A') under F(A k , -). 

The conditions (d, d') are e.g. satisfied if F(—, A' k ) and F(A k , — ) are exact for all k ^ 0. 

Theorem 31 (first comparison) The proper Grothendieck spectral sequence for the functors 
F(X, — ) and G, evaluated at X' , is isomorphic to the proper Grothendieck spectral sequence for 
the functors F(—,X') and G, evaluated at X; i.e. 

in EZ##C3. 

Proof. Let J a , J A 1 , Ja,A' ^ Ob CC L (Inj B) be CE-resolutions of the complexes 
F(A, X'), F{X, A'), tF(A, A'j e Ob C^°(B), respectively. 

The quasiisomorphism ConcX — >~ A induces a morphism F(ConcX, A') — <*■ F(A, A'), yielding 
F(X, A') — >-tF(A, A'), which is a quasiisomorphism since ConcF(X, A' k ) — -F(A,A' k ) is a 
quasiisomorphism for all k ^ by (d). 

Choose a CE- resolution J & — - Ja,a> of F(X,A') — -tF(A,A'); cf. Remark [61 Since the 
morphism F(X,A') — -tF(A,A') is a quasiisomorphism, J4/ — - Ja.A' is a composite in 
CC L ' CE (Inj B) of a rowwise homotopism and a double homotopism; cf. Proposition [T71 So 
is GJa 1 — -GJa,a'- Hence, by Remark [231 and by Lemma [2^1 we obtain an isomorphism of the 
proper spectral sequences of the first nitrations of the total complexes, 

e f(x,-),g(^0 = Ei(GJj4') Ei(GJa,a') • 
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Likewise, we have an isomorphism 

We compose to an isomorphism _■, G (X') E^5 x n q(X) as sought. □ 
5.2 Naturality of the first comparison isomorphism 

We narrow down the assumptions just as we have done for the introduction of the Haas trans- 
formations in tj4.3.1l in order to be able to express, in this narrower case, a naturality of the first 
comparison isomorphism from Theorem 1311 

Suppose given abelian categories A, A' and B with enough injectives and an abelian category C. 

F G 

Let Ax A' — B be a biadditive functor. Let B — »■ C be an additive functor. 
Suppose that the following properties hold. 

(a) The functor F(-, X') : A — - B is left exact for all X' G Ob A'. 
(a') The functor F(X, -) : A'^B is left exact for all JeObA 

(b) The functor G is left exact. 

(c) For all X' G Ob A', the functor F(—,X') carries injective objects to G-acyclic objects, 
(c') For all X G Ob A, the functor F(X, — ) carries injective objects to G-acyclic objects. 

(d) The functor F(I, — ) is exact for all / G Ob Inj A. 
(d') The functor F(-, V) is exact for all V G Ob Inj A'. 

Proposition 32 Suppose given X — X in A and X' G Ob ^4'. Note that we have a trans- 
formation F(x, — ) : F(X, — ) — F(X, —). The following quadrangle, whose vertical isomor- 
phisms are given by the construction in the proof of Theorem^^ commutes. 

Ef(x,-),g( X/ ) F(X '~ } — ^f\x,-),g( X '^ 
i i 

F, Gr M 
pGr / y\ f^W^j pGr ( y\ 

For the definition of the first Haas transformation h. F r x n, see §4.3.21 
An analogous assertion holds with interchanged roles of A and A'. 

Proof of Proposition I3"i2"l Let I resp. I be an injective resolution of X resp. X in A. Let / — »- / 
be a resolution of X X. Let V be an injective resolution of X' in ^4'. 

Let jf ] resp. jf* 5 be a CE-resolution of F(X, V) resp. F(X, I'). 
Let J/^/ resp. Jj P be a CE-resolution of tF(I,I') resp. tF(I,F). 
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Let Jj resp. J/ be a CE-resolution of F(I,X') resp. F(I,X') 
We have a commutative diagram 

F(XJ') F{xJ,) > F(X,I') 



tF(i,n^XtF(i,r) 



F(r X') 

F(I,X') ( ' I F(I,X') 
in Ct°(i3), hence in K'°(£>). By Proposition [MJ it can be resolved to a commutative diagram 



I' 



Jl, 



(X) 



Jl 



in KK L (£>). Application of Ej(G(— )) yields the result; cf. Lemma [2 



We refrain from investigating naturality of the first comparison isomorphism in G. 



6 The second comparison 



6.1 The second comparison isomorphism 

Suppose given abelian categories A and B' with enough injectives, and abelian categories B 
and C. 

F G 

Let A — B' be an additive functor. Let B x B' — ►■ C be a biadditive functor. 

Suppose given objects X e Ob A and Y E ObB. Let B E ObC^°(i3) be a resolution of Y, i.e. 
suppose a quasiisomorphism Coney — -B to exist. Suppose the following properties to hold. 



(a) The functor F is left exact. 

(b) The functor G(Y, — ) is left exact. 

(c) The object X possesses an (F, G(Y, -))-acyclic resolution A E ObC [0 (^). 

(d) The functor G(B k , — ) is exact for all k ^ 0. 

(e) The functor G(— , V) is exact for all V E Oblnj B' . 
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Remark 33 Suppose given a morphismD^D' mCC L (C). IfR e {f->*) is a quasiisomorphism 
for all i ^ ; then f induces an isomorphism 

Ej(D) Ei(D') 

of proper spectral sequences. 

Proof. By Lemma I2TI it suffices to show that Ei(a + l/a — I// a/ a — 2) +k (f) is an isomorphism 
for all a G Z and all k G Z. By Lemma |22| this amounts to isomorphisms H fc H^(/~'*) for all 
k, I ^ 0, i.e. to quasiisomorphisms H £ (/ - '*) for all £ ^ 0. □ 

Consider the double complex G(B,FA) G ObCO~(C), where the indices of B count rows and 
the indices of A count columns. To the first filtration of its total complex, we can associate the 
proper spectral sequence Ei(G(B, FA)) G Ob EZ*#, CH. 

Theorem 34 (second comparison) The proper Grothendieck spectral sequence for the func- 
tors F and G(Y, —), evaluated at X, is isomorphic to Ei(G(B, FA)) ; i.e. 

E% r G (y,-)(X) * UG(B,FA)) 

in EZ## C3. 

Proof. Let J' G Ob CC L (Inj B') be a CE-resolution of FA. By definition, E^ G{Y ^(X) = 

Ei(G(Y, J')). By Remark [331 it suffices to find D G ObCC L (C) and two morphisms of double 
complexes 

G(B, FA) D +Z- G(Y, J') 
such that H £ (u~~'*) and H e (v "'*) are quasiisomorphisms for all £ ^ 0. 

Given a complex {7 G ObCf°(£>), recall that we denote by Cornet/ G ObCC L (£>) the double 
complex whose row number is given by U, and whose other rows are zero. 

We have a diagram 

G(B, Conc 2 FA) — G(B, J') — G(ConcF,J') 
in CCC^(C). Let t ^ 0. Application of H £ ((-)- =>*) yields a diagram 

(*) R e (G(B,Conc 2 FA)-'=>*) — H £ (G(fi, J , )"' = '*) — H £ (G(Conc F, J')~' = '*) 
in CC L (C). We have 

E e (G(B,Conc 2 FA)-'='*) ~ g(b , H*((Conc 2 FA)-'*)) = Cone H'(FA)) 

and 

K e (G(B,J') "•='*) ~ G(S,H'(J'-'*)) , 

since the functor G(B h , — ) is exact for all ^ by (d), or, since the CE-resolution J is rowwise 
split. Since the CE-resolution J' is rowwise split, we moreover have 

H £ (G(Con C y, J')-'='*) ~ G(ConcF,H^(J'--*)) . 
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So the diagram (*) is isomorphic to the diagram 

(**) G(B, Cone B. e (FA)) — G(B,R £ {J'-'*)) — G( Cone Y, R e { J'-'*)) , 

whose left hand side morphism is induced by the quasiisomorphism ConcH. e (FA) — -H e (J'~'*), 
and whose right hand side morphism is induced by the quasiisomorphism ConcF — -B. 

By exactness of G(B k , — ) for k ^ 0, the left hand side morphism of (**) is a rowwise quasiiso- 
morphism. Since H^( J' k '*) is injective, the functor G(— , H f ( J /fc '*)) is exact by (e), and therefore 
the right hand side morphism of (**) is a columnwise quasiisomorphism. Thus an application 
of t to (**) yields two quasiisomorphisms; cf. §1.1.61 Hence, also an application of t to (*) 
yields two quasiisomorphisms in the diagram 

tH £ (G(5,Conc 2 FA)-'='*) — tH* (G{B, J')~' = '*) — tH £ (G(Conc Y, J')"' = '*) . 

Note that t o R e ((-)-•=■*) = H* ((-)--*) o ti.2, where ti 2 denotes taking the total complex in 
the first and the second index of a triple complex; cf. §1.2.21 Hence we have a diagram 

H^(t 1)2 G(S,Conc 2j PA))-'*) — H' ((ti J'))~'*) — H* ((t 1>2 G(Conc Y, J'))"'*) 

consisting of two quasiisomorphisms. This diagram in turn, is isomorphic to 

K l (G{B,FA)-*) — E* (jti ;2 G(B, J')) '*) — R £ ((G(Y,J')y^ , 

where the left hand side morphism is obtained by precomposition with the isomorphism 
G(B,FA k )^tCon Cl G(B,FA k ) = (t h2 G(B,Conc 2 FA))-> k , where k ^ 0; cf. 

Hence we may take 

(G(B, FA) D *^G(B,J')) := (g(B,FA) — t 1>2 G{B,J') — G(Y, J') \ . 



6.2 Naturality of the second comparison isomorphism 

Again, we narrow down the assumptions just as we have done for the introduction of the Haas 
transformations in M4. 3.11 to express a naturality of the second comparison isomorphism from 
Theorem [31 

Suppose given abelian categories A and B' with enough injectives, and abelian categories B and 

C. Suppose given additive functors A ~~T B' and a transformation F-^*~F. Let B x B' — -C 
be a biadditive functor. F 

Suppose given a morphism X —- X in A and an object Y E Obi3. Let B E ObC'°(i3) be a 
resolution of Y, i.e. suppose a quasiisomorphism ConcF — -B to exist. Suppose the following 
properties to hold. 

(a) The functors F and F are left exact and carry injective to G(Y, — )-acyclic objects. 

(b) The functor G(Y, — ) is left exact. 

(c) The functor G(B k , — ) is exact for all k ^ 0. 
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(d) The functor G(- I') is exact for all V G Oblnj B'. 

Let A-^- A in C'°(Inj^4) be an injective resolution of X-^-X in A. Note that we have a 
commutative quadrangle 



G(B,Fa) 



G(B,Fa) 



~ G(B,tpA) 

G(B, FA) _UrL£- G(B, FA) 
in CC L (C). 

Note that once chosen injective resolutions A of X and A of X, the image of G(B, Fa) 
in KK L (C) does not depend on the choice of the resolution A-^~A of X—-X, for 



civ) 



G(B,F(-)) 



CC L (C) maps an elementary split acyclic complex to an elementary hori- 



zontally split acyclic complex. 



Lemma 35 The quadrangle 



pGr /y\ E W.-) W , ijGr 

b F,G(y,-)l A J *" b 



-f,g(y,-) 



Ei(G(S,Fa)) • 

E : (G(F, FA)) ' Ej(G(F, FA)) 



commutes, where the vertical isomorphisms are those constructed in the proof of Theorem 



Fa 



Proof. Let J' — J' be a CE-resolution of FA FA. Consider the following commutative 
diagram in CC L (C). 

g(y, f) G(y ' a) > G(F, J 7 ) 



t 1)2 G(S,J')^^t 1)2 G(S,J') 



G(F, FA) G(B,Fa) ^ g(b fA) 



An application of Ei yields the result. 



Lemma 36 T/ie quadrangle 



E F,G(y-)PO 



■E?' G(y _)W 



Ei(G(B,vpA)) . 

Ej(G(F, FA)) ' E:(G(F, FA)) 



commutes, where the vertical morphisms are those constructed in the proof of Theorem |3~^1 
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For the definition of the first Haas transformation h F r x \, see §4.3.2[ 




ti, 2 G(B, J') 



t 1>2 G{B,<p) 



t h2 G(BJ') 



G(B, FA) 



G(B,tpA) 



G(B, FA) 



An application of Ei yields the result. 



□ 



We refrain from investigating naturality of the second comparison isomorphism in Y . 

7 Acyclic CE-resolutions 

We record Beyl's Theorem [4, Th. 3.4] (here Theorem |40|) in order to document that it fits in our 
context. The argumentation is entirely due to Beyl [4], Sec. 3], so we do not claim any originality. 

Let A, B and C be abelian categories. Suppose A and B to have enough injectives. Let 
A —- B — »■ C be left exact functors. 

7.1 Definition 

Let T e Ob Ct°(i3). In this £0 a CE-resolution of T will synonymously (and not quite correctly) 
be called an injective CE-resolution, to emphasise the fact that its object entries are injective. 

We regard C^°(B) as an exact category as in Remarks 151 and [TT1 

Definition 37 A double complex B G CC L (i3) is called a G -acyclic CE-resolution of T if the 
following conditions are satisfied. 

(1) We have B°(B* ~) ~ T and E k (B*~) ~ for all k ^ 1. 

(2) The morphism of complexes B k >* — - B + consisting of vertical differentials of B, is a 



From (3, 4) and the short exact sequence Z £ (B k >*) — <~ B k,e — >~ B m (i? fc '*), we conclude that B k,e 
is G-acyclic for all k, I ^ . 

From (3,4) and the short exact sequence B e (B k >*) — *Z e (B k >*) — -R e (B k >*), we conclude that 
R e (B k >*) is G-acyclic for all k, £ ^ . 



pure morphism for all k ^ 0. 



(3) 
(4) 



The object B e {B k >*) is G-acyclic for all k, £ ^ . 
The object Z e (B k >*) is G-acyclic for all k, £ > . 



A G-acyclic CE-resolution is a G-acyclic CE-resolution of some T e ObC[°(£>). 
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Example 38 An injective CE-resolution of T is in particular a G-acyclic CE-resolution of T. 

Note that given Y G ObC(£>) and i G Z, we have Z e GY ~ GZ e Y, whence the universal 
property of the cokernel E e GY of GY l ~ x — Z e GY induces a morphism E e GY — >- GE e Y . This 
furnishes a transformation R e (GX k >*) H» GE e (X k >*), natural in X G ObCC L (£). 

Remark 39 If B is a G-acyclic CE-resolution, then E e (GB~*) GE e (B~*) is an isomor- 
phism for all £ ^ 0. 

Proof. The sequences 

GB'(S fc '*) — GZ\B k ^) — GE e (B k >*) 
GZ e -\B k '*) — GB^- 1 — GB e (B k >*) 

are short exact for k, £ ^ by G-acyclicity of E l (B k '*) resp. of Z (B '*). In particular, the 
cokernel of GB k > l ~ l — GZ e (B k >*) is given by GH t (B k '*). 

7.2 A theorem of Beyl 

Let X G OhA {F , G) . Let A G ObC^) be a (F, G)-acyclic resolution of X. Let B G CC L (£) 
be a G-acyclic CE-resolution of FA. 

Theorem 40 (Beyl, [4], Th. 3.4]) We have an isomorphism of proper spectral sequences 

E%(X) ~ Ei(GB) 

in IZ*#,CH. 

Proof. Since the proper Grothendieck spectral sequence is, up to isomorphism, independent of 
the choice of an injective CE-resolution, as pointed out in §4.2[ our assertion is equivalent to the 
existence of an injective CE-resolution J of FA such that Ej(G J) — Ei(GB). So by Remarkl3"3| 
it suffices to show that there exists an injective CE-resolution J of FA and a morphism B — ►■ J 
that induces a quasiisomorphism E e (GB~'*) — <-E e (GJ~'*) for all i ^ 0. By Remark [39] and 
Example ES it suffices to show that GE e (B~'*) — -GH £ (J~'*) is a quasiisomorphism for all 
t > 0. 

By the conditions (1, 2) on B and by G-acyclicity of E £ (B k >*) for k, i ^ 0, the complex H £ (£?~'*) 
is a G-acyclic resolution of E e (FA); cf. Remark [TU1 

By Remark HI there exists J G ObCC L (Inji3) with vertical pure morphisms and split 
rows, and a morphism B — ►■ J consisting rowwise of pure monomorphisms such that 
E k (B*>~) — <-E k (J*'~) is an isomorphism of complexes for all k ^ 0. In particular, the com- 
posite (Conc2 FA — B — * J) turns J into an injective CE-resolution of FA. 

Let i ^ 0. Since B is a G-acyclic and J an injective CE-resolution of FA, both 
ConcH £ (Fv4) — <-E e (B~'*) and ConcE £ (FA) — <-E e (J~'*) are quasiisomorphisms. Hence 
E(B~'*) — >~H (J~'*) is a quasiisomorphism, too. Now Lemma [27] shows that 
GH^(_B~'*) — >~GH^(J~'*) is a quasiisomorphism as well. □ 
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8 Applications 



We will apply Theorems [3"T1 and [Ml in various algebraic situations. In particular, we will re-prove 
a theorem of Beyl; viz. Theorem [53] in £18.31 

In several instances below, we will make tacit use of the fact that a left exact functor between 
abelian categories respects injectivity of objects provided it has an exact left adjoint. 

8.1 A Hopf algebra lemma 

We will establish Lemma H7] in H8.1.41 needed to prove an acyclicity that enters the proof of the 
comparison result Theorem [52] in £|8.2l for Hopf algebra cohomology, which in turn allows to derive 
comparison results for group cohomology and Lie algebra cohomology; cf. §§ 18.31 18.41 

8.1.1 Definition 

Let R be a commutative ring. Write <g> := ®r. A Hopf algebra over R is an i?-algebra H 
together with R- algebra morphisms H — R (counit) and H -^*- H®H (^multiplication), and 
an i?-linear map H — >~ H ( antipode ) such that the following conditions (i-iv) hold. 

Write xA = £\ xu^ ® xvi for x G H , where and Vi are chosen maps from H to H, and 
where i runs over a suitable indexing set. Note that X^( r ■ x + s ■ y)ui (g) (r • x + s ■ y)vi = 
r ■ xu i ® xv^ + s ■ y u i ® V v i) f° r x, y E H and r, s G R, whereas Ui and i>, are not 
necessarily .R-linear maps. 

The elegant Sweedler notation [HI §1.2] for the images under A(A ® 1) etc. led the author, being 
new to Hopf algebras, to confusion in a certain case. So we will express them in these more naive 
terms. 

Write H <8> H^H, x ® y I — ►■ x ■ y and R H, r i — <~ r ■ 1 H . Write H ® H H ® #, 
a; ® y I — - y ® x. 

(i) We have A(e <E> id//) = {% I — *■ 1r <8> x), i.e. J2i xu % e ' xv i = x for x E H. 
(i') We have A (id// ®e) = (x I — »■ x <8> 1r), i.e. ^ XMj • xv j£ = x for x & H. 

(ii) We have A (id// (g)A) = A(A®id//), i.e. Yli j xu i® xv i u j® xv i v j = Ylii j xu i u j® xu i v j® xv i 
for x & H. 

(hi) We have A(5 f ® id//-) V = £7/, i.e. £V xi^S 1 ■ xwj = xe ■ 1h for x £ H. 
(iii') We have A(id// ®>S) V = £77, i.e. ^ x«j • xt^S" = xe ■ 1h for x E H. 
(iv) We have S 12 = id//. 

In particular, imposing (iv), we stipulate a Hopf algebra to have an involutive antipode. 
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8.1.2 Some basic properties 

In an attempt to be reasonably self-contained, we recall some basic facts on Hopf algebras needed 
for Lemma H71 below; cf. [15, Ch. IV], [H §2], |13l §§1-3]. In doing so, we shall use direct 
arguments. 

Suppose given a Hopf algebra H over R. 

Remark 41 ([HI Prop. 4.0.1], [1, Th. 2.1.4], [US, 3.4.2]) 

The following hold. 



(1 
(2 
(3 
(4 
(5 
(6 
(6' 

(7 
(7' 



We have J2ii x " l)) u i ® i x " y) v i = J2i,j( xu i " D u j) ® ( xv i " V v j) f or x, y e H. 
We have IhS = Ih- 

We have (x ■ y)S = yS ■ xS for x, y G H. 
We have Se = e. 

We have A(S <8> S)r = SA, i.e. J2i xUiS g) xViS = £V xSvi g) xSui for x G H . 
We have x ■ y = J2i {^2j( xu i) u j ' V ' (xu^VjS^j ■ xvi for x, y G H . 
We have y ■ x = Y^i xu i ' (^2j( x Vi)ujS ' V ' ( xv i) v jj f or x, y E H . 
We have J2i xv i ' xuiS = xe ■ Ih for x G H . 
We have ^ xv iS ■ xui = xe ■ Ih for x G H . 



Proof. Ad (1). Given x, y G H, we obtain 

J2i ( x v)ui ® i x v)vi = {xy)A = xA-yA = J2i,j ( xu i ' V u j) ® • 2/^) 
Ad (2). Remarking that 1#A = In ® In, we obtain 

1 H S = l H A(S®id H )V { = } lire -Iff = In. 
Ad (3). Given x, y E H, we obtain 

{x-y)S 2X = ] Y.i,k( xu i ' xu « e ' ' V v ke)S 

( = } J2i,j,k( XV "i " V u k ■ yVk£)S ■ XViUj ■ XViVjS 

= J2i,j,k,e( xu i ' V u k)S ■ XViUj ■ yv k m ■ yv k v e S ■ xv^jS 
2 - U) Y,i,j,kA XUiU i ' y u k u i)S ' xu i v j ■ y u kVe ■ yv k S ■ XViS 
— J2i,j,k( xu i ■ V u k)ujS ■ (xui ■ yu k )vj ■ yv k S ■ XViS 

= J2i,k( xu i ■ y u k) e ■ y v kS ■ xviS 
= Yji,k(y u k e • y v k)s ■ {xuiE ■ xvi)s 

2 x (i) 

= yb ■ xb . 
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Ad (4). Note that (ye ■ z)e = ye ■ ze = (y ■ z)e for y, z G H. Given x G H, we obtain 

xSe = (^2 i xUi£ ■ xv,j)Se = xu % e ' xv i$) e = (J2i xu i ' x "ViS)e = (xe ■ 1h)z = xe 
Ad (5). Given x G H, we obtain 

xA(S®S)r i ^(x^e-x-^A^® 5)r 



(iii) 



(ii) 



(J 
(J 
(in') 

i 
(in') 

(i') 



J2i j( xu i u jS ' xuiVj)A ■ xviA(S <g> 5)r 
^\ . xUiUjSA ■ xUiVjA ■ xVj,A(S ® 5)r 

^ ■ xuiSA ■ xviUjA ■ xviVjA(S ® 5)r 
^ itj ^ tl xuiSA ■ (xviUjUk <g> xv,iUjV k ) ■ (xViVjVeS ® xviVjUeS) 
Ysij^xUiSA ■ (xviUjUk ■ xViVjV e S <8> xViUjV k ■ xViVjU e S) 
J2 i; j )k7 £XUiSA ■ (xViUj ■ xViVjV k ViS <g> xViVjU k ■ xViVjV k u e S) 
J2 i jtk ^xUiSA ■ (xViUj ■ xViVjVkS <g> xViVjU k ui ■ xViVjU k veS) 
^2 iijk xuiSA ■ (xviUj ■ XViVjVkS <g> xviVjU k e ■ 1 H ) 
Y^i,j,k xu i s ^ ' • {xviVjV k ■ xv i v j u k e)S <g> 1#) 

xUiSA ■ (xt> j«j ■ ru;U,S ® ljy) 
^ XUiSA ■ (xi^e ■ 1# ® 1 H ) 
^(zuj • xVie)SA 
xSA . 



Ad (6). Given x, y E H, we obtain 

x • y = J], xu i-y ■ xv i £ — ) Z)t,i xu i-y - x ViUjS ■ xviVj = xu t u j ■ v • xuiVjS ■ xv % . 

Ad (6'). Given x G ff, we obtain 

7/ • X = £\ XMj£ -y-XVi ( = } ' XUiVjS • y • XVi = XU i ' x ViUjS ■ y ■ XV { Vj . 

Ad (7). Given x G ii, we have 

Eo ( iv ) o2 o2 o ( 5 ) o o o o2 ( iv ) o o o o 1 ( 4 ) i 

jXVj-XMjD = ^i 3 '*-' v r^>-> w ;*-> — i^iXbUib-xbVib = ^iXoUib-xbVi = xbe-±H = xe-ln 



Ad (7'). Given x G H, we have 

{ xvib-xui = i^i 00 ^ Vib-xb Ui = 2_^i x bUib -xbvib = 2_^,i x bUi-xbVib = xbe-ln = xe-lu 



In the present §8. II we shall refer to the assertions Remark W\\ ( 1-T) just by (1-7'). 
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8.1.3 Normality 

Suppose given a Hopf algebra if over R, and an i?-subalgebra if C H . Suppose if and if to 
be flat as modules over R. 

Note that if ® if — H <g> if is injective. We will identify if ® if with its image. 

The ff-subalgebra if C if is called a Hopf-subalgebra if if A C if <g> if and if 5 C if. In this 
case, we may and will suppose the maps U{ and V{ to restrict to maps from if to if. 

Suppose if C if to be a Hopf-subalgebra. It is called normal, if for all a G if and all x <E H, 
we have 

5^ rc-Ui • a • xViS G if and J2i xuiS ■ a ■ xvi G if . 

An ideal i C H is called a iiop/ idea/ if I A CI&H + H& I (where we have identified I ® H 
and H <g) I with their images in H ® if), is = and iS* C i. In this case, the quotient H/I 
carries a Hopf algebra structure via 

H/I -i*. i?, x + i i— a:e 

ij// _^ H/I® H/I, x + I I — •* ^(xui + i) (8) (xui + i) 

if/f -1- if/f, x + i i— x,S + i. 

Suppose if C H to be a normal Hopf subalgebra. Write if + := Kern(if — e -+- R). By (6, 6', 3, 4) 
and by writing 

A; A = (J2i(k u i ~ kuiE) <g) kvi) + \®k 
for k G if + , the ideal if if + = K+H is a Hopf ideal in H. 

8.1.4 Some remarks and a lemma 

Suppose given a Hopf algebra H over R and a normal Hopf-subalgebra if C H . Suppose if 
and if to be flat as modules over R. 

Write H := H/ HK + . Given x G H , write x := x + HK + G ff for its residue class. 

Let N' , N , M, M' and Q be if-modules. Let P be an ff-module, which we also consider as an 
if -module via ff — *■ ff , x l — *■ x. 

We write k{N, M) = k(N\k, M\k) for the i?-module of if-linear maps from iV to M . 

Remark 42 Given f G ^A^, M) and x G ff , we define x ■ f G ^iV, M ) fry 

[n](x-/) := ^x^i • [xViS ■ n]f 
for n G N . This defines a left if -module structure on f(N, M). 

Formally, squared brackets mean the same as parentheses. Informally, squared brackets are to 
accentuate the arguments of certain maps. 
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Proof. We claim that x' ■ (x ■ /) = (x' ■ x) ■ f for x, x' G Suppose given n G AT. We obtain 

[n](x' ■ (x ■ /)) = J2i x ' u i ■ WviS ■ n) (x • /) 

= ^ . x'lij • xuj ■ [xVjS ■ x'viS ■ n]f 

- J2i,j( X ' U i ■ XU j) ■ l( X ' V i ■ XV j) S ■ n ]f 

— J2i( X ' ■ X ) U i ■ [( X> ■ X ) V i S ■ U ]f 

= [n] ((x' • x) • /) . 
We claim that 1# • / = /. Suppose given n G N. We obtain 

[n)(l H -f) = Y.i l nUi ■ [l H ViS ■ n]f = 1 H ■ [l H S-n]f = [n)f , 
remarking that 1#A = 1h ® 1h ■ □ 

I owe to G. Hiss the hint to improve a previous weaker version of Corollary [45] below by means 
of the following Remark l4Tfl 

Denote by 

M K := {m G M : a ■ m = ae ■ m for all a G K} 
the fixed point module of M under K. 

Remark 43 Letting x ■ m := x • m for x G H and m G M K , we define an H-module structure 
on M K . 



Proof. The value of the product x • m does not depend on the chosen representative x of x 
since, given y G H, a G K + and m G M K , we have 

y ■ a ■ m = y ■ ae ■ m = 0. 

It remains to be shown that given x G H and m G M K , the element x ■ m lies in M K . In fact, 
given a G K, we obtain 



(6') 

a ■ x ■ m = 



Y,i xu i ■ (j2j( xv i) u jS ■ a ■ ( XV i) v j) ■ m 

= Y<i xu i ■ (j2j( xv i) u jS ■ a ■ {xvi)vj)e ■ m 

= J2i j xu i ' XViUjSe ■ ae ■ xv(Vje ■ m 

(4) ^ ' 

= i^ii j xu i ' xviUje ■ ae ■ xviVje ■ m 
= j XUiUj ■ xUiVje ■ ae ■ XVie ■ m 

(i') ^ ' 

= XU i ' a£ ' XV i £ ' 171 

(i') 

= ae ■ x ■ m . 



Remark 44 We have (jIN,M)) k = k(N,M), as subsets of j(N,M). 
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It remains to show that (d.N, M)) K C g{N,M). Given / G (d.N,M)) K , x G H and n G N, 



Proof. The module ( ij(iV, M)) x consists of the i?-linear maps N — M that satisfy 

J2i xui ■ [xviS ■ n\f = xe ■ [n]f . 
for x G H and n E N . The module k{N, M) consists of the i?-linear maps N — *- M that satisfy 

[x-n]f = x- [n]f 

for x e H and n G N. By (iii'), we have (j{N, M)) K D x(N, M). 

It remains 
we obtain 

x ■ [n\f = 

= J2i XU i ■ l XV i £ ■ n \f 

= xu i ■ l x ViUjS ■ xViVj ■ n)f 

- xu i u j ■ [xuiVjS ■ xvi ■ n]f 

= [x ■ n]f . 

a 

Corollary 45 Given f G k(N, M) and x G H , we define x • f G k{N, M) by 

[n](x ■ f) := Y.i xu i-\ xv i s ■ n \f 
forn G N. This defines a left H -module structure on x(N,M). 

Proof. By Remark [42J, we may apply Remark H3] to f{ N, M) . By Remark HH the assertion 
follows. □ 

Remark 46 Given f G k{N, M), x G H, and H -linear maps we obtain 

"( x ■ f)l* = x- (uf/i) . 

Proof. Given n' G N', we obtain 
[n'\ (p{x ■ /)//) = (Y^iXUi- [xv^ ■ n'u]f)n = Y,i xu i " l xv i S '• n ']{ v i '/*) = [ n ')( x ' ( v fv)) ■ ° 

The following Lemma [47] has been suggested by the referee, and has been achieved with the help 
of G. Carnovale. It is reminiscent of |16L Cor. 4.3], but easier. It resembles a bit a Fourier 
inversion. 

Note that the right //-module structure on H induces a left //-module structure on j£H, M). 

Lemma 47 We have the following mutually inverse isomorphisms of H -modules. 

k(H,M) 4- i(H,M) 



f I — - (zH» J2i xu i ■ [xViS\f) 



k(H,M) ^t- ^H,M) 
{x\-+ J^^Vj ■ [xUjSjg) -* I g 
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Proof. We claim that $ is a welldefined map. We have to show that /$ is welldefined, i.e. 
that its value at x does not depend on the representing element x. Suppose given y E and 
a G We obtain 

E^H ■ [(ya)viS]f = v u i ■ au i ■ [(m ■ av j) s \f 

— v u i • au 3 • l av j s • yviS]f 

= Eij v u t ■ au j ■ av j s ■ lv v iS]f 

(l - Y.iV u i ■ ae ■ [yviS]f 
= o . 

We claim that $ is //"-linear. Suppose given y E H and x E H. We obtain 

= xu i ■ y u j ■ [v v 3 s • xv iS]f 
- Eij xu i ■ v u 3 ■ [( xv i ■ yvj)s]f 
= Ei( x ■ y>i ■ [( x ■ yMf 

= mw)- 

We claim that \1/ is a welldefined map. We have to show that g^/ is i^-linear. Suppose given 
a E K and x E H . Note that aui E K for all i, whence also aUiS E K, and therefore 
aUiS =hk+ aUiSe ■ We obtain 



J2j(a- X )vj ■ [(a-x)ujS}g 
avi ■ xv j ■ [ (aui ■ xUj)S ]g 

EiJ aV i ' XV 3 ' [ xu jS ' aU iS ]g 

E, j avi ■ xv j ■ [ xUjS ■ au,iSe }g 

Ej j o-UiE ■ avi ■ xv j ■ [xUjS]g 

Ej a ' xv j ' [xUjS]g 
a-[x](gV) . 

We claim that $^ = \& k (h,m)- Suppose given x E H . We obtain 

J2j xv j ■ i XU 3 S Kf®) 

Yli,j xv j ' x UjSui ■ [xujSviS]f 
Ej j x Vj ■ XUjViS ■ [xUjUiS 2 ]/ 

EiJ XV j ■ x UjViS ■ [XUjUilf 
EjJ XV 3 V i ■ x VjUiS ■ [xUj]f 
J2j XV 3 £ -[ XU 3]f 



[a-x](g*) = 

(4) 

(J) 

(J 
(0 



(5) 
(iv) 

(J 

( = } 
(i) 
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We claim that ^$ = id /g jM \. Suppose given x G H. We obtain 

Y,i xu i ■ [xViS](g^) 
J2i,j xu i ■ xViSvj ■ [xViSujS]g 
Y, itj xui ■ xv^S ■ [xViVjS 2 ]g 

xui ■ xViUjS ■ [xWJj}g 
Y^ij xUiUj ■ xUiVjS '[Tui)g 

J2i xu i £ • [xvi]g 

[x]g . 

Finally, it follows by ^-linearity of $ and by \& = $~ 1 that \I/ is //-linear. □ 

The tensor product iV £g> M is an if-module via A. Note that R is an if-module via e. Note 
that R(g)M~M~M®R as if-modules by (i, i'). 

Remark 48 (cf. [3, Lemma 3.5.1]) We have mutually inverse isomorphisms of R-modules 

s(P, k(Q, m )) h(P®Q,M) 

f I *■ (p® q^[q\(pf)) 
g(P, k(Q,M)) 4r h(P®Q,M) 

(p\-+(q\-+\p®q]g)) ~* i g, 
natural in P G Ob F-Mod ; Q G Ob //-Mod and M G Ob H-Mod. 

Proof. We c/azm that a is welldefmed. We have to show that fa is if -linear. Suppose given 
x G H. We obtain 

£V ^7 ■ p®xvi - q 

J2i[xvi ■ q\(xul-(pf)) 
Yj itj x UiUj ■ [xUiVjS ■ xvi ■ q\(pf) 
xui ■ [xv^jS ■ xViVj ■ q)(pf) 
Y^i x Ui ■ [xViS ■ q](pf) 

x ■ [q](pf) 
x ■ [p® q)(fa) . 

We claim that (3 is welldefined. First, we have to show that \p\(g(3) is if-linear. Suppose given 
a G K. We obtain 

a . q ^L?^. \p (g a . qjg Q ^ . ^uame ■ p <g> an* • g]^ = £]i ' P ® at "* ' = a ' [P ® • 



(J 

(iv) 
(n) 
(itt') 
(i) 



x ■ (p®q) 



(n) 

(0 
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Second, we have to show that g(3 is if-linear. Suppose given x G if. We obtain 

x-p H^-»- (q I-*- [x ■ p g) q]g) 

- (l i-" [a^i • " P ® <?)]#) 

— [^iMj • p (g) xUiVj ■ xViS ■ q)]g) 
= xu i ■ [P ® • g]gr) 

= z • (gh* [p® <?]#) . 

Finally, a and /3 are mutually inverse. □ 

Corollary 49 VFe Jiawe v(P,M K ) ~ #(P, r(R, M j) ~ h(P,M) as R-modules, natural in P 
and M . 

Proof. Note that M ~ ^ff, M) as if -modules, whence M K ~ #(fi, M) as ff -modules by 
Remarks H31 SH Now the assertion follows from Remark SHI letting Q = R. □ 



8.2 Comparing Hochschild-Serre-Hopf with Grothendieck 

Let R be a commutative ring. Suppose given a Hopf algebra if over i? (with involutive antipode) 
and a normal Hopf-subalgebra K C if; cf. §8.1.31 Write if := H / HK + . Suppose if, fT and ff 
to be projective as modules over R. Suppose if to be projective as a module over K. 

Let 5 G ObC(if-Mod) be a projective resolution of R over if. Let B G Ob C(ff-Mod) be a 
projective resolution of ff over ff . Note that since ff is projective over i?, B\% G Ob C(ff-Mod) 
is a projective resolution of i? over R. Let M be an if -module. 

By Corollary SS] and by Remark SHI we have a biadditive functor 

(ff -Mod) x ff -Mod if -Mod 

(X , X') 1 " U(X,X'):= k{X,X'). 

Write 

(ff -Mod) x if -Mod ff-Mod 

(y , y') \ »- v(y,y'):= 

for the usual Hom-functor. 

In particular, we shall consider the functors 

ii_Mod U ~ ) if-Mod F — } ff-Mod 

X 1 - X) ~ X* 

F 1— V(R,Y)~Y B . 

On the other hand, we shall consider the double complex 

D(M) = D->=(M) := V(B„, U(B = ,M)) = h{B- , k(B = , M)) . 

Note that D(M) is isomorphic in CC L (ff-Mod) to h {B^®rB = , ilf), naturally in M; cf. 
Remark HHJ 
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Lemma 50 The H-module U(H,M) is V(R, —)-acyclic. 

Proof. By Lemma I4TI this amounts to showing that j^H,M) is V(R, — )-acyclic, which in 
turn amounts to showing that V[B , j^H, M)) = g\B , j^H, M)) has vanishing cohomology in 
degrees ^ 1. Now, 

g{B,^H,M)) ~ !{H® R B,M) ~ a(S,M), 
whose cohomology in degree z ^ 1 is Ext^(i2, M) ~ 0. □ 

Lemma 51 Given a projective H-module P, the H-module U(P,M) is V(R, —)-acyclic. 

Proof. It suffices to show that £7(]J r if, M) — nr U {H> M) is V(R, — )-acyclic for any indexing 
set T. By Lemma 1501 it remains to be shown that K l V(R, Y\r Y) is isomorphic to Y\r R l V(R, Y) 
for a given //-module Y and for i ^ 1. Having chosen an injective resolution J of F, we may 
choose the injective resolution Y\r J °f Llr ^ ■ Then 

□ 

Theorem 52 T7ie proper spectral sequences 

MD(M)) and E^_ ))V ^_ } (M) 

are isomorphic (in EZ##, i?-Mod lj ; naturally in M e Obif-Mod. 

Proof. To apply Theorem [31] with, in the notation of §5.1[ 

(.4 x A' — B — c) = ((#-Mod)° x H-Mod — #-Mod i?-Mod) , 

and with X = R and X' = M, we verify the conditions (a-d') of loc. cit. in this case. 

Ad (c). We claim that B is a [U(— , M), V(R, — ))-acyclic resolution of R. We have to show 
that U(Bi, M) is V(R, — )-acyclic for i ^ 0; cf. §4.21 Since B t is projective over H, this follows 
by Lemma EU This proves the claim. 

Ad (c'). Let J be an injective resolution of M over H. We c/az'm that I is a (U(R, — ), V(i2, — ))- 
acyclic resolution of M. We have to show that U(R,P) is V(i?, — )-acyclic for i ^ 0. In fact, 
by Corollary l4~9l U(R,P) is an injective .ff-module. This proves the claim. 

Ad (d, d'). We claim that U(Bi,—) and U(—,P) are exact for z ^ 0; cf. §5.11 The former 
follows from if being projective over K. The latter is a consequence of being injective in 

K-Mod by exactness of K-Mod if-Mod. This proves the claim. 

So an application of Theorem EH yields 

^u\r-),v(r-)(M) — Eu\-,M),V(R-)(R) ■ 
To apply Theorem [M] with, in the notation of §6.1[ 

(A — B' , B x B' — c) = ((//-Mod) C/ -^ ) #-Mod , (F-Mod)° x H-Mod — c) , 
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and with X = R and Y = R, we verify the conditions (a-e) of loc. cit. in this case. 

Ad (c). We have already remarked that B is a [U(—, M), V(R, — ))-acyclic resolution of R. 

Ad (d). As a resolution of R over H, we choose B. 

So an application of Theorem [3H yields 

(R) ~ Ei(y(B_, [/(£=, M))) . 

Naturality in M G Ob if-Mod remains to be shown. Suppose given M —*■ M in #-Mod. Note 
that the requirements of §5.21 are met. By Proposition 152"} with roles of A and A' interchanged, 
we have the following commutative quadrangle. 

^U-ivin^M) E %"->™-> M , E^_ )im _ )( M) 

E £/(-,M),V(ii ,-) (R) *" ^u\-,M),V(R,-) 

Note that the requirements of §6.21 are met. By Lemma |36| we have the following commutative 
quadrangle. 

h 1 R 

pGr / r>\ U(-,m) pGr / p\ 

U{—,M),V(R,—) K 11 ) ^C^- A/),V(i? -) W 

I I 
E,(V(B. , U(B. , M))) Wfz^S B,(v( fl . , U(B _ , m))) 



8.3 Comparing Lyndon-Hochschild-Serre with Grothendieck 

Let R be a commutative ring. Let G be a group and let N ^ G be a normal subgroup. Write 
G := G/N. Let M be an i?G-module. Write Bar G;i? G ObC( J RG-Mod) for the bar resolution 
of R over i?G, having (Barc-.^j = i?G®( J+1 ) for i ^ 0, the tensor product being taken over R. 

Note that RG is a Hopf algebra over R via 

i?G RG&RG, g 

RG — i?G , (7 
RG ^ R, g 

where g £ G; cf. §8.1.11 Moreover, i?iV is a normal Hopf subalgebra of RG such that 
RG/(RG)(RN)+ ~ i?G; cf. ggT51 

Note that .RG, .RiV and i?G are projective over R, and that -RG is projective over RN. 

{-) N - 

We have functors RG -Mod ►■ i?G -Mod i?-Mod, taking respective fixed points. 

Theorem 53 (Beyl, [4], Th. 3.5]) The proper spectral sequences 

Ef_ r )W>( _ )e (M) and Ei(i«j((Bar e . fl )_ ® fl (Bax G;fl ) = , M)) 

are isomorphic (in EZ* # , .R-ModiLj, naturally in M G Ob-RG-Mod. 
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Beyl uses his Theorem l40l to prove Theorem l53l We shall re-derive it from Theorem [52] which 
in turn relies on the Theorems [31] and l34l 

Proof. This follows by Theorem □ 

8.4 Comparing Hochschild-Serre with Grothendieck 

Let R be a commutative ring. Let g be a Lie algebra over R that is free as an i?-module. Let 
n ^ g be an ideal such that n and g := g/n are free as -R-modules. Let M be a g-module, i.e. 
a W(g)-module. Write Bar 0; # e Ob C(U(g) -Mod) for the Chevalley-Eilenberg resolution of R 
over U{q), having (Bar 0;R ); = U(g) ® R A*g for i ^ 0; cf. 0, XIII.§7] or [TH Th. 7.7.2]. 

Note that U(g) is a Hopf algebra over i? via 

W( fl ) i2, 5 i— 0, 

where g G g; cf. §8.1.11 

Note that W(g), U(n) and W(g) are projective over R, and that W(g) is projective over U(n); 
cf. Cor. 7.3.9]. 

We have functors W(g)-Mod ►■ W(g)-Mod ►■ i?-Mod, taking respective annihilated sub- 
modules; cf. pH p. 221]. 

Theorem 54 The proper spectral sequences 

Ef_ r )n( _ )S (M) and Ei( M(fl) ((Bar s ;r)- ®fl (Bar g;jR ) = , M) I 

are isomorphic (in EZ*#, -R-ModHj, naturally in M 6 ObW(g) -Mod. 

Cf. Barnes, H Sec. IV.4, Ch. VII]. 
Proof. This follows by Theorem [52] □ 

8.5 Comparing two spectral sequences for a change of rings 

The following application is taken from {5[ XVI. §6]. 

Let R be a commutative ring. Let A —- B be a morphism of i?-algebras. Consider the functors 
A-Mod A ^-^ B-Mod and (5-Mod) x 5-Mod ^-^ i?-Mod. 

Let X be an A-module, let Y be a .B-module. 

We shall compare two spectral sequences with E 2 -terms Ext l B (Y, Ext 3 A (B, X)), converging to 
Ext^*" 3 ' (y, X). If one views X^ A := a{B,X) as a way to induce from A- Mod to £>-Mod, this 

B ? 

measures the failure of the Eckmann-Shapiro-type formula Ext l B (Y, X^ A ) ~ Ext^(V, V), which 
holds if B is projective over A. 
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Let / 6 Ob C [0 (A-Mod) be an injective resolution of X. Let P G Ob C [0 (I?-Mod) be a projective 
resolution of Y. 

Proposition 55 The proper spectral sequences 

Ejj,,-), and ^{b{P-, a{BJ=))) 

are isomorphic (in EZ*#, R-ModH). 

Proof. To apply Theorem [MJ if suffices to remark that for each injective A-module the 
5-module a(P>, I') is injective, and thus — )-acyclic. □ 

Remark 56 The functor a(B, — ) can be replaced by a{M, — ), where M is an v4-.B-bimodule 
that is flat over B. 

8.6 Comparing two spectral sequences for Ext and ® 

Let R be a commutative ring. Let S be a ring. Let A be an .R-algebra. Let M be an 
i?-S'-bimodule. Let X and X' be A-modules. Assume that X is flat over R. Assume that 
Exf R (M,X') ~0 for i ^ 1. 

Example 57 Let T be a discrete valuation ring, with maximal ideal generated by t. Let 
R = T/t e for some £ ^ 1. Let S* = T/t k , where 1 ^ k ^ £. Let G be a finite group, and let 
A = RG. Let M = S. Let X and X' be i?G-modules that are both finitely generated and free 
over R. 

Consider the functors 

(A-Mod)° x A-Mod A ~ R-Mod ] S -Mod 
Proposition 58 The proper Grothendieck spectral sequences 

E i-), fl (M,-)( x ') and E5_ x , ))j?(M _)po 

are isomorphic (in EZ# # , g-Mod Ilj. 

Both have E 2 -terms Ext^(M, Ext j A (X,X')) and converge to Ext 1 ^ (X® R M, X'). In particular, 
in the situation of Example [571 both have E 2 -terms Ext^(S', Ext^ G (X, X')) and converge to 
Ext^(X/t fc ,X'). 

Proof of Proposition |58l To apply Theorem [3TJ, we comment on the conditions in §5.11 

(c) Given a projective A-module P, we want to show that the -R-module a(P, X') is 
f(M, — )-acyclic. We may assume that P = A, which is to be viewed as an A-i^-bimodule. 
Now, we have Ext^(M, A (A,X')) ~ Ext^(M, X') ~ for i ^ 1 by assumption. 

(c') Given an injective A-module I', the .R-module a(X, I') is injective since X is flat over R 
by assumption. □ 
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8.7 Comparing two spectral sequences for Ext of sheaves 

f 

Let T — S be a flat morphism of ringed spaces, i.e. suppose that 

T ® f -i 0s - ■ f^Os -Mod — T -Mod 
is exact. Consequently, /* : Os -Mod — -Mod is exact. 

Given C^-modules T and F, we abbreviate ^(.F, JF') := Hohiq, ( J 7 , F) G Obi?- Mod and 
oJlF, J 7 ')) ■= Hom 0s (JF, F) e Ob O s -Mod. 

Let T be an Qj-module that has a locally free resolution B G Ob 0(0,5 -Mod); cf. 
P Prop. III.6.5]. Let Q G Ob0 T -Mod. Let A G Ob C[°((9r -Mod) be an injective resolu- 
tion of Q. 

Consider the functors C T -Mod A. C 5 -Mod and (C 5 -Mod)° x C 5 -Mod ° g(( ~' =)) » O s -Mod. 

Proposition 59 The 'proper spectral sequences 

tit o s (iT,-))(G) and E^olB^ UA=))) 
are isomorphic (in EZ#*, 0^-Mod J). 

In particular, both spectral sequences have E 2 -terms £xt % 0s {? ', 0&f*)(G)) and converge to 
(R i+ %y)(S), where T^(-) := 0s {{F, /,(-))) ~ UoAf *?,-))■ For example, if S = {*} is 
a one-point-space and if we write R := (95(5"), then we can identify C^-Mod = i?-Mod. If, in 
this case, T = R/rR for some r G R, then Tr/ t r(Q) — r(T, (?)[r] := {<? G <?(T) : rg = 0}. 

Proof of Proposition |59l To apply Theorem [3H we comment on the conditions in §6.11 

(c) Since /* maps injective O-r-modules to injective C^-modules by flatness of T — - S, the 
complex A is an (/*, oJi^t — )))-acyclic resolution of Q. 

(e) If X is an injective C^-module and U C 5 is an open subset, then is an injective 
C^-module; cf. [HI, Lem. III.6.1]. Hence ,Z)) turns a short exact sequence of C5- 
modules into a sequence that is short exact as a sequence of abelian presheaves, and hence 
a fortiori short exact as a sequence of (^-modules. In other words, the functor o s ((— 
is exact. □ 
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